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GULLIVER IN THE LAND WITHOUT 
ONE, TWO, THREE 


By Kart MENGER 


About the year 1700, in the course of heretofore unrecorded 
travels, Gulliver met islanders who used a rather odd arithmetical 
vocabulary. They counted: 

stix, stixpair, stixtrip, four stix, five stix, six stix, and so on: 
and they wrote 


(1) 1, 4], 5], 6], and so on. 


The symbol | and the word sfir also denoted kauri stieks— the 
insular curreney and principal objeet of applied mathematics. 
The symbols |, |”, |{ and the corresponding words for the first 


three numbers had, as Gulliver learned, always been in use. But 
beyond stix, stixpair, and stixtrip, the islanders originally counted: 
four, five, six, and so on (and they wrote: 4, 5, 6, and so on). The 
combination of these two types of original symbols, however, 
created difficulties. For instance, while one could write 


(2) | and 4+5=9, 


the symbols | | 4and{? + 5 as well as the words stix plus four 
and stixpair plus five appeared to be incongruous. As a remedy, 
methematicians proposed a uniform symbolism: and they achieved 
uniformity by assimilating the higher numerals to the lowest three. 
After this reform, (1) became the official sequence of insular numerals, 
Ever since, sums were indicated by 

(3) | -+ 4], + 5], 4] + 5], ... 

Stix plus four stix (in contrast to stix plus four) sounded unobjection- 
able and so did stixpair plus five stix. For instance, addition tables 
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ONE, TWO, THREE 


By Kart MENGER 


About the year 1700, in the course of heretofore unrecorded 
travels, Gulliver met islanders who used a rather odd arithmetical 
vocabulary. They counted: 

stix, stixpair, stixtrip, four stix, five stix, six stix, and so on; 
and they wrote 


(1) |, 1”, 6, 4], 5], 6], and so on. 


The symbol | and the word stix also denoted kauri sticks—the 
insular currency and principal object of applied mathematics. 

The symbols |, |”, | and the corresponding wo; 7s for the first 
three numbers had, as Gulliver learned, always been in use. But 
beyond stix, stixpair, and stixtrip, the islanders originally counted: 
four, five, six, and so on (and they wrote: 4, 5, 6, and so on). The 
combination of these two types of original symbols, however, 
created difficulties. For instance, while one could write 


(2) }+|?=|* and 44+5=9, 


the symbols | + 4 and |? + 5 as well as the words stix plus four 

and stixpair plus five appeared to be incongruous. As a remedy, 

mathematicians proposed a uniform symbolism; and they achieved 

uniformity by assimilating the higher numerals to the lowest three. 

After this reform, (1) became the official sequence of insular numerals. 
Ever since, sums were indicated by 


(3) + 1+ 41, 1? + 5), 4] + 5), ... 
Stix plus four stix (in contrast to stix plus four) sounded unobjection- 


able and so did stixpair plus five stix. For instance, addition tables 
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In the same spirit, the formula | + |? = |‘ might be retained as an 
expression of the fact that 


(17) 1] + 2] =3}. 


The statement (17) about sticks would reflect a relation between 
three pure numbers, namely, 


(18) 1+2=3. 
Gulliver developed these ideas in a paper “Arithmetic without 


Stiz.”” He showed that, along the lines indicated, one would arrive 


at the following results: 
(a) Unified symbols for sums. Formulae, acceptable to seman- 


ticists, would include (18) and, instead of (4), 
1+4=-5,2+5=7,4+5=9. 
(b) Unified symbols for products, such as 1 .3, 2.4, 4. 5. 
The simple formula 1.1 = 1 would replace the cumbersome 
implication (10). 
(c) The awkward implication (11) would be replaced with the 
transparent law 


1.n=n=n.1 for any number n. 


(d) The problems (12) could be formulated without symbols 
introduced ad hoc, namely, by saying simply: 


find (2 + 3), (1 + 4)%, (4 + 5), (5. 6)?. 


(e) The separation of numerals and symbols for sticks would lead 
to a unification of applied mathematics, satisfactory to philo- 
sophers of science; e.g., the afore-mentioned bills would read: 


4 arrows... 6|; 2 arrows. . . 3}. 


There would be no reason for shunning formula (5) concerning 
sticks, since it would have the analogue 


2| + 5] = (2 + 
instead of (6). 

The reception of these ideas on the island was mixed. Several 
outstanding mathematicians, including the discoverer of the 
celebrated formula | + |? = |?+ |, said Gulliver’s paper was 
trivial. Noted educators, on the other hand, called the criticism of 
their numerals extremely far-fetched and Gulliver’s introduction of 
the symbols 1, 2, 3 (or, as they said, his new notation) a tour de 
force. But the two groups concurred in one point: that the idea of 
teaching terms other than stix, stixpair, and stixtrip was simply 
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ridiculous. Again, some philosophers of science hailed Gulliver’s 
ideas as a great simplification of the existing system. Two professors 
of higher mathematics ventured the prediction that, in terms of 
1, 2, 3, multiplication would one day be taught in secondary schools. 
But these voices were silenced by the powerful organization of the 
Island’s Major Mathematicians of Real Talent and Learning— 
briefly, the Immortals—whose judgment naturally carried greater 
weight as being more detached, since no Immortal had seen a 
freshman in decades. The Immortals were reported to feel that (a) 
even though no one had ever taken the trouble to write down the 
ideas propounded by Gulliver, all of them had been clear to all 
mathematicians all the time; (b) the so-called difficulties, pointed 
out by him, were merely didactic; they had never in the least 
bothered any Immortal nor, as far as Immortals could place them- 
selves into the position of minor intellects, even mortal research 
mathematicians. 

Gulliver’s schedule called for his departure from the island before 
the dispute was settled. But the discussion aroused in him a 
broader interest in mathematics and, upon his return to England 
inthe early 1700’s, he familiarized himself with the latest progress— 
the theory of functions and fluents. He studied 


(1’) x, x3, 4/2, log x, tan 2, ... 


(read: the functions x, x square, x cube, square root of 2, ...) 

Among the functions, as Gulliver noticed with surprise, only the 
more complicated ones had self-contained symbols, such as 4/, 
log, and tan. The small raised 3 and 2 in the symbols for cube and 
square could not occur by themselves. These two functions as well 
as the first power (assuming for any number z the values 2°, 2, 
and x, respectively) were referred to by those very values. 

The combination of the symbols 1/, log, and tan with the symbols 
x, x*, and 2° would have led to difficulties, e.g., in designating pro- 
ducts of functions. Mathematicians might have written 


(2’) a. a? = 23 as well as = 


but they could not very well write xz? .%,/ nor, for that matter, 
a* + 3\/ or x + log. 

These difficulties were overcome by a uniform notation, and uni- 
formity was achieved by assimilating the symbols for the more 
complicated functions to those for the simpler ones; that is to say, 
mathematicians also designated the functions 1/, log, and tan by 
their values for x; and (1’) represented the official symbols for 
functions. 

Sums of functions were denoted by 


+ 4/2, log x + cos z; 
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products, by 


(the last three dots were sometimes omitted); for instance, 
1 


But mathematical treatises lacked formulae such as 
log 2 +- cos x = (log + cos)x; log x . cos x = (log . cos)x or 


Aiming at uniformity, mathematicians avoided (5’) because they 
could not write 


(6’) (a? . 4/)a = 22. 4/2 or (x + = x + log z. 


As a result, even though the meaning of (5’) differs from that of the 
last formula (4’), the contents of formulae such as (5’) were rarely 
expressed at all. 

Further difficulties arose in substitution. For instance, mathe- 
maticians wrote 


(7’) 34/8, = 
that is to say, they denoted the function into which they substituted 


another function by *\/ and not by its official symbol *\/x. But 
results of substitution such as 


(8’) 3\/ log x, log tan x, tan 2* 


were the only ones that could be designated in a direct way. Mathe- 
maticians could not designate the results of substituting the functions 
log x, tan x and 2° into simple functions such as x”, 2x + 1, and z, 
respectively, by writing 


log x, (2x + 1) tan or 2*(log x), (22 + 1)(tan x), x(2?). 


Nor could they write xx or 2(x) for the result of substituting the 
function x into itself. 

Of course mathematicians also discussed the results of sub- 
stitutions into simple functions—but in an indirect way, namely, 
by introducing for that very purpose (where their ordinary symbols 
for power functions failed) other symbols, e.g., the letters h and k. 
But even the ad hoc use of such letters did not make it possible to 
express facts about substitution in simple formulae such as (5’). 
Mathematicians were forced to resort to implications; for instance, 


(10') IfA(x) = 2, then h(A(x}) = h(x) and thus h(A(z)) = x 
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and, more generally, 


(11’) Ifk(x) = 2, then k(f(x)) = f(x) = f(k(x)) for any function f(x) 


(or, as some wrote, for any function f). 


Pages and pages of textbooks were filled with problems formulated 
in terms of ad-hoc-symbols, the letter f being a favorite; e.g. 
(12’) Find the differential quotient of f(x) if 


f(x) = a + 23; f(x) = a log x; f(x) = log x cos x; f(x) = log tan z. 


Even applied mathematics was somewhat affected by the diffi- 
culties of the functional notation. The results of substituting 
s, v, and ¢ (the distance travelled, the volume, and the time) into 
the square root, the logarithm, and the cosine (in other words, the 
square root of the distance, the logarithm of the volume, and the 
cosine of the time) were denoted by 


(13’) 4/8, log v, cos t, 


respectively. But the results of substituting the time into the 
function x”, or the volume into the function 22 + 1 could not be 
denoted by 


(14’) at, (2x + or 2%(t), + 1)(v). 


Yet it seemed to Gulliver that everything would have been simple 
if uniformity had been achieved by assimilating the symbols for the 
simpler functions to those for the more complicated ones instead of the 
other way round; in other words, if mathematicians had introduced 
symbols for the former, say, 


(15’) j. and (for any number n) 


as designations of the identity function (or first power), the second 
power, and the nth power, respectively—the functions themselves, 
not their values—and had used the symbols 1/, log, cos, ete. for the 
others. They might have retained x, x?, and x" as symbols for the 
values that the functions (15’) assume for 2; that is to say, as 
synonyms of j(x), j*(x), and j"(x), respectively—a fact that might be 
expressed in the formulae: 


(16’) j(x) = x, = and j"(x) = 2" for any n. 


In the same spirit, the formula x . 2? = x3 might have been retained 
as an expression of the fact that 


(17’) j(x) . = for any number z. 


The statement (17’) about numbers would reflect a relation between 
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three functions, namely, 
(18’) =F. 


Rescuing the identity function and the power functions from 
anonymity and dealing with functions themselves instead of dealing 
with their values would, it seemed to Gulliver, lead to the following 
results: 

(a’) Unified symbols for sums, products, and quotients of functions, 
such as 


+ 008, j log . tan, tan, 


(the dot for multiplication would never be omitted). Examples of 
acceptable formulae would include (18’) and, instead of (4’) 

There would be no reason for shunning the formula (5’) about 
numbers, since it would have the following analogues 

(j? = . and (j + log)x = jx + log z, 


instead of (6’). 
(b’) Unified symbols for the results of substitution could be set 
up by mere juxtaposition of function symbols; for instance, 


log tan, j? cos, j? log, cos + 1))?. 
In particular, the simple formula 
J: 
(the analogue of 0+0==0 and 1.1=1) would replace the 
cumbersome implication (10’). 
(c’) The awkward implication (11’) would be replaced with the 


transparent law 
if =f=fj for any function f, 


the analogue of the laws 
forany number n. 


(d') The problems (12’) could be expressed without symbols 
introduced ad hoc, namely, by writing simply (if D stood for the 
differential quotient): 


find D(j + 75), D(j? . log), D(log . sin), D(log tan). 


(e’) Thanks to the clean separation of symbols for functions con- 
necting fluents and the symbols for the fluents themselves, appli- 
cations of the function concept could be unified. Of course such a 
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separation is possible where the connecting functions have symbols, 
as the sine function in the classical description of a certain harmonic 
oscillator: 


(19’) s =sint. 
This formula indicates that the position (in a certain unit) is 
connected with the time (in a certain unit) by the sine function. 


On the other hand, a clean separation is impossible where the 
connecting function is anonymous, as in the law for falling objects 


= 16%, 
This formula looks simpler than 
(20’) 8 = 16)*(t) 


to him who is used to taking the identity and power functions for 
granted. But only formulae such as (20’) and (19’), in which fune- 
tions are cleanly separated from fluents, make it possible to apply 
pure mathematics to observable material automatically and by 
uniform procedures following articulate schemes. 

Consider, e.g., the basic scheme for applying the derivative of a 
function to the rate of change of one fluent with regard to another. 
This scheme reads: 


d 
w = f(u) implies i. = (Df)u for any two fluents u and w and any 


differentiable function f, where (Df)(u) is the result of substituting 
the fluent w into the function Df. 
According to differential calculus, 


Dsin=cos and D(16j?) = 32). 
Hence the scheme yields, by purely substitutive procedures (which 


could be easily carried out by machines), 


t 
= plies 5 = cos 


and 


s = 16)%(t) implies = 32j(t). 


Since, according to (19’) and (20’), the antecedents in these 


implications are valid, so are the consequents. Identifying S 
with the velocity v, one thus has proved 


v=cost and v = 32)(t), respectively. 


Gulliver intended to describe his experiences in the Land without 
One, Two, Three in letters to Newton, to the successors of Descartes, 
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to Leibniz, and to the Bernoullis. One of these great minds, rushing 
from one discovery to the next, might have paused for a minute’s 
reflection upon the way their own epochal ideas were expressed. 
It is a pity that, because of Gulliver’s preparations for another 
voyage, those letters were never written.* 

K. M. 
5506 N. Wayne Avenue, 
Chicago 40, Ill., U.S.A. 


ON LANGFORD’S PROBLEM (1) 


By C. J. Prrpay 


For numbers a >b > 1 we shall denote by (a,b) the set of 
numbers b, 6 + 1,...,a. We shall say that a set S of numbers is 
perfect if there exists a sequence containing just one pair of each of 
the numbers in S, satisfying the condition: for every number r in 
the set, the two r’s are separuted by exactly r places, and having no 
gaps (a perfect sequence). 


Example 1. (4, 1) is perfect: 41312432. 


We shall say that S is hooked if there exists a sequence containing 
the same numbers and satisfying the same condition, but having a 
gap one place from one end (a hooked sequence). 


Example 2. (2, 1) is hooked: 1212. 
Example 3. (8, 2) is hooked: 8642752468357 #3. 


We note that (by juxtaposition of the corresponding sequences) 
if two sets S, and S, without common elements are both perfect 
then so is their union S, and if one is perfect and the other hooked 
then S is hooked; while if both are hooked then the corresponding 
sequences can be “hooked together” and so S is perfect. 


Example 4. (8,2) and (1,1) are hooked, so (8,1) is perfect: 
8642752468357131. 
Langford’s problem (Math. Gaz. (1958), p. 228) may be formulated 


* The writing of this paper is part of the work made possible by a om 
from the Carnegie Corporation of New York for the development of the 
author’s approach to mathematics. 
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as follows: for what natural numbers a is (a, 1) perfect? We shall 
prove the 

THEOREM. For every natural number a, (a, 1) is either perfect or 
hooked, 

We shall say that S is looped if there exist two sequences, each 
containing the same numbers and satisfying the same condition as 
before; one having just one gap, two places from one end, and the 
other having two gaps, one place and two places from one end. 

Example 5. (4, 1) is looped: 

131423424; 24121343. 
Example 6. (5, 2) is looped: 
425324435; 3425324445. 

Example 7. (8, 1) is looped: 

56784151647382 432; 567841516472832 «3. 

We note that if two sets S, and S, without common elements 
are both looped then their union is perfect (a sequence of one kind 
for S, and of the other kind for S, can be ‘looped together’’). 

Our result is based on the 

Lemma. For every natural number a, (3a, a) ts both perfect and 
looped, (3a +- 2, a) is hooked and (3a + 4, a) is looped. 

Proof. We exhibit sequences of the required types (the arrange- 
ments simplify when a = 1 or 2 but as is easily verified they still 
exist). The semi-colons are inserted to make the structure more 
visible. 
3a, 3a — 2,...,a; 3a — 1, 3a — 3, ...,a +1; 

a,a+2,...,3a; a+ 1,a+ 3,...,3a — 1. 
2a + 2, 2a + 3,...,3a; a,a+1,...,.2a—1; 2a + 1, a, 2a; 
a+1,2a+2,a+2,...,2a —1,3a; 2a + 1, 2a. 
2a + 2, 2a + 3,..., 3a; a,a + l,..., 2a; 
a,2a+1,a+1,..., 3a, 2a; 2a + 1. 
3a + 2, 3a,...,.a; 3a + 1,3a — 1,...,a + 3; 
1. 
3a + 4,3a + 2,...,a; 3a + 3,3a+ 1,...,.a + 5; 
a,a+ 2,...,3a+ 4; @+3,a+1; 
a+5,a+7,...,.da+3; 1a+ 3. 
3a 4,3a+ 2,...,a;3a+ 3,3a + 1,....@+ 5;a,a+2,...,38a+ 4; 
a+la+3,...,3a+3; 3. 
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Proof of the Theorem. Since every integer is congruent to 0, 2 or 
4 modulo 3, the set (a, 1) can be decomposed into sets to which the 
Lemma applies, possibly together with (1, 1), (2, 1) (both hooked) 
or (4, 1) (perfect and looped). 


Example 


(341, 1) = (341, 113) hooked + (112, 36) looped + (35, 11) hooked 
+ (10. 2) looped + (1, 1) hooked. 


The set (341, 1) is hooked, because the two looped sets may be 
combined to form a perfect set and two of the hooked sets may be 
combined to form another, and the resulting two perfect sequences 
may be juxtaposed with the remaining hooked sequence to form a 
hooked sequence for (341, 1). 

In general, let (a, 1) be decomposed into h hooked sets, | looped 
sets and p sets both perfect and looped. If/ is even, then the looped 
sets may be combined in pairs to give perfect sets, and the same may 
be done with all or all but one of the hooked sets (depending on 
whether h is even or odd), and so (a, 1) is perfect or hooked. If 
lis odd but p + 0, then by using one of the perfect-and-looped sets 
as a looped set we get the same result. This leaves the case 
where / is odd and p = 0. 

The decomposition of (a, 1) must then end in one of the five ways 
considered below, and we show in each case that (possibly after the 
decomposition has been modified) one of the looped sets can be 
eliminated, leaving an even number. 


(i) (8, 2) hooked -++ (1, 1) hooked. 


Replace by (8, 1), which is looped (example 7), and combine this 
with a looped set to give a perfect one. 


(ii) (10, 2) looped + (1, 1) hooked. 
But (10, 2) is also perfect (we write 0 for 10): 
647890462572839503. 
(iii) (2, 1) hooked. 


Replace by (2, 2) + (1,1) hooked; the sequence 2**2 may be 
combined with a locped one to give a perfect sequence. 


(iv) (5, 1) hooked. 


Replace by (5, 2) + (1, 1) hooked. Since (5, 2) is looped (example 
6), it may be combined with a looped set te give a perfect one. 


(v) (7, 1) looped. 
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But (7, 1) is also perfect: 17126425374635. 


The proof is now complete. We have not proved two things which 
appear to be true: (i) no set can be both perfect and hooked; (ii) 
the condition for (a, 1) to be perfect is that a is of the form 4m — 1 
or 


C.J.P 
ON LANGFORD’S PROBLEM (II) 
By Roy O. Davres 
The problem is to arrange the numbers 1, 1, 2, 2, ..., m, m in a 
sequence (without gaps) in such a way that for r= 1, 2,...,” 
the two r’s are separated by exactly r places; for example 
41312432. 


Priday has shown in the preceding paper that for every n there exists 
either such a perfect sequence (as he calls it) or else a hooked sequence, 
with a gap one place from one end; for example 


3451314252. 


Here we shall show that, as Priday conjectured, the perfect sequence 
exists only if 2 is of the form 4m — 1 or 4m, and the hooked solution 
otherwise. The method is Bang’s, as used by Skolemt in solving 
a problem equivalent to Langford’s with a pair of zeros added. 
Skolem also gave for his problem explicit perfect sequences for the 
two favourable cases n = 4m — 1, 4m, and we shall exhibit similar 
but more complicated sequences for both the perfect and hooked 
cases in Langford’s problem. We thus have an alternative proof 
of Priday’s interesting result. 


THEOREM |. If the numbers 1, 1, 2, 2, ..., n, ~ can be arranged in a 
perfect sequence then n is of the form 4m — 1 or 4m, where m is 
an integer, while if they can be arranged in a hooked sequence then 
n is of the form 4m — 3 or 4m — 2. 

Proof. Perfect Sequence. Let the first r in the sequence be in the 
a,th position; then the other is in the position a, + r+ 1, and the 
numbers a,, a, + r+ 1(r = 1, 2, ..., are the numbers 1, 2, ..., 2n 
in some order. Therefore 


n 2n 
2 (2a, +r+1) = 25 = n(2n + 1), 


+ These are proved in the paper which follows. 
¢ Th. Skolem. On certain distributions of integers in pairs with given 
differences. Math. Scand. 5 (1957), 57-68. 
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whence one deduces that (3n? — n)/4 equals } a, and is thus an 
integer. It follows that n is of the form 4m — 1 or 4m. 

Hooked Sequence. With the same notation as before, the numbers 
a,, a,+r7r+1(r=1,...,n) may be taken to be the numbers 
1, 2, ..., 27 — 1, 2n + 1 in some order. Therefore 


n 
(2a, + r+ 1) = n(2n + 1) + 1, 
r=l 


whence (3n? — n + 2)/4 equals } a, and is thus an integer. It 
follows that n is of the form 4m — 3 or 4m — 2. 

Remark. Similar arguments show more generally that if a pair of 
each of some n distinct numbers can be arranged in an perfect 
sequence (or either kind of “looped sequence” as considered by 
Priday) then n is of the form 4m — 1 or 4m, while if they can be 
arranged in a hooked sequence then n is of the form 4m — 3 or 
4m — 2. 

TuEoREM 2. The numbers 1,1, 2,2, ..., n, n can be arranged in a 
perfect sequence if n is of the form 4m — 1 or 4m, and in a hooked 
sequence otherwise. 

Proof. We exhibit the required sequences in the four cases. 
Each consists mostly of strings of consecutive odd or consecutive 
even numbers and all but the two extreme terms of each such string 
are replaced by dots below. Suitably interpreted, the sequences 
are valid, although they degenerate, for m = 1, 2. 


The case n = 4m. 
4m — 4, ..., 2m, 4m — 2, 2m — 3, ..., 1, 4m — 1, 1, ..., 2m — 3, 
2m, .... 4m — 4, 4m, 4m — 3, ..., 2m +1, 4m — 2, 2m — 2, 
wey 2, 2m — 1, 4m — 1, 2, ..., 2m — 2, 2m + 1, ..., 4m — 3, 


2m — 1, 4m. 


The case n = 4m — 1. 


4m — 4, ..., 2m, 4m — 2, 2m — 3, ..., 1, 4m — 1, 1, ..., 2m — 3, 
2m, .... 4m—4, 2m—1, 4m—3, ..., 2mM+1, 4m—2, 
2m — 2, ..., 2, 2m — 1, 4m — 1, 2, ..., 2m — 2, 2m + I, ..., 
4m — 3. 


The case n = 4m — 2. 

1, 2m — 3, 1, 4m — 8, ..., 2m — 2, 2m —6, ..., 3, 4m — 3, 
2m — 3, 4m — 6, 3, ..., 2m — 5, 4m — 4, 2m — 2, ..., 4m — 8, 
4m — 2, 4m — 5, ..., 2m — 1, 2m — 4, ..., 2, 4m — 6, 4m — 3. 
2, ..., 2m — 4, 4m — 4, 2m — 1, ..., 4m — 5, #, 4m — 2. 
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The case n = 4m — 3. 

4m — 6, ..., 2m — 2, 4m — 5, 2m — 5, ..., 1, 4m — 4, 1.,..., 
2m — 5, 2m — 2, ..., 4m — 6, 4m — 3, 4m — 7, ..., 2m — 1, 
4m — 5, 2m — 4, ..., 2, 2m — 3, 4m—4, 2, ..., 2m — 4, 
2m — 1, .... 4m — 7, 2m — 3, #, 4m — 3. 


Remarks. By adding a pair of adjacent zeros at one end, we obtain 
an alternative solution to the previously mentioned problem 
of Skolem, and a solution to a problem stated by him (but not solved) 
in a more recent paper.t 

It would be interesting to know roughly how many different 
solutions of Langford’s problem exist for large n. They are sur- 
prisingly numerous even for n = 7: namely, 25 distinct perfect 
sequences, not counting as distinct a sequence and the same one in 
reverse order. For n = 3 and n = 4 there is only one solution. 


The University, Leicester R. O. D. 
Editorial Note: Solutions to parts or the whole of Langford’s 


problem have also been submitted by F. Downton, R. Sibson, R. A. 
Bull and J. R. A. Copper. 


GLEANINGS FAR AND NEAR 


1933. The post of Lord Great Chamberlain has existed for some 850 
years; his is the only hereditary office that can go through the female 
line. Because of one or two disputed claims, three families share the 
office in rotation; or, rather, the Cholmondeleys have every alternate 
reign, the Ancasters and Caringtons every third.—The Observer. 
3 November 1957. [Per Mr. R. F. Wheeler.] 

1934. The first Russian satellite ... weighed 184 lb, nearly ten orders 
of magnitude heavier than the scheduled American vehicle.— Discovery. 
November 1957. [Per Mr. R. F. Wheeler.] 

1935. Do you know how many ways there are to play the first four 
moves in a game of chess? Each player has sixteen units at his disposal. 
Offhand you might say there are 100 or 200 different ways to play these 
units in the first four moves. Yet the mathematicians tell us that the 
number of possible ways is no less than 318,979,654,000! But that’s 
nothing. By the time you get to the problem of how many different 
ways there are to play the first ten moves, the number has risen to the 
staggering figure of 169,518,829,100,544,000,000,000,000,000!! Even 
if the experts have dropped a logarithm or two, and are out by a few 
billion possibilities or so, they have succeeded in making their point: 
chess can be a mighty complicated game. Yet for at least 800 years 
there have been experts who could play chess blindfold!—From an 
article on blindfold chess in the American magazine “‘Chess Review”’ 
1951. [Per Mr. W. H. Cozens.] 

Th. Skolem. Some remarks on the triple systems of Steiner. Math. 
Scand. 6 (1958), 273-280, esp. p. 274. 
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MATHEMATICS IN WARSHIP DESIGN 
By S. J. PALMER 


Members of the Royal Corps of Naval Constructors are responsible 
for the design and construction of H.M. Ships, and one of the main 
features of their training is the study of mathematics. The aim of 
this article is to give the VIth form mathematics teacher an acquain- 
tance with the kind of mathematics used in ship design; he may then 
be able to encourage some of his pupils to consider the prospect 
of a career in the Royal Corps. Promising mathematicians with a 
strong practical bent can enter from school under a scheme advertised 
in this number of the Gazette. 

Now it is probably well known that a large warship is one of the 
most complex engineering projects to which man puts his hand; 
it must be able to propel itself through oceans at high speed, to 
withstand the stresses and motions imposed by the seas, to carry 
and operate the latest weapons and detection devices, to withstand 
attack from the enemy, and to house and feed its ship’s company 
in reasonable comfort in all weather conditions between the Arctic 
and the Tropics. The design of such a ship poses a number of 
problems for the Constructor and his colleagues in the Royal 
Naval Scientific Service, problems as diverse as calculating the trunk 
sizes of complex ventilation systems or the thickness of shielding 
around nuclear reactors. In common with general practice in 
industry many of these questions can be solved satisfactorily by 
engineering research and experience, but the problems which are 
peculiar to ships and, in particular, to warships, usually cannot be 
dealt with in this way. The reason for this is that warships are 
big and expensive and it is not practicable to build and test proto- 
types; nevertheless no risks can be taken with their speed, stability, 
or structural strength and, since they must be at least as efficient 
as similar warships produced in other countries, there is no room for 
large factors of safety. Under these conditions the design can only 
be tackled by a logical, mathematical, approach. 

At the present time, however, mathematical theories still fall 
short of solving completely some of the more complex problems in 
ship hydrodynamics and ship structures, and the designer is 
compelled to check and adjust the results of his calculations by tests 
on scale models. The examples which foliew illustrate some of these 
problems and the way in which experiments with small models 
either check or fill the gaps in theories which are still not completely 
satisfactory. 

The first four examples are concerned with ship hydrodynamics. 
The model tests are mainly carried out at the Admiralty Experiment 
Works near Gosport and the equipment is impressive: there are 
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long tanks (the largest 900’ long x 40’ wide) in which ship models 
are propelled or towed at speeds up to 40 feet per second, water 
tunnels in which model propellers can be examined under working 
conditions in stroboscopic lighting, and a large manoeuvring basin 
in which models can be remotely controlled in complex wave systems. 
As with all scale model work great accuracy in workmanship and 
measurement is essential. 


1. Ship Resistance 

The resistance (R) of a ship depends on its dimensions (Z) and 
speed (V), upon gravity, and upon the viscosity (4) and density (p) 
of the fluid in which it moves. From dimensional analysis 


\u/p’ gL 


That is, the non-dimensione! resistance coefficient is a function of two 
variables, the first depending on viscosity (called skin friction), 
and the second depending on gravity (called the wavemaking 
resistance). 

When designing a ship’s hull it is necessary to find the shape which 
will have the least resistance and to make an accurate estimate of 
this resistance. At the present time this is done by experiments with 
scale models and it is not possible to define the shape by a convenient 
mathematical expression. It is usually assumed (the Froude 
hypothesis) that skin friction and wavemaking resistance are 
separate components and that the tctal resistance is the sum of the 
two. Much of the theoretical work which has been done on skin 
friction has been published and need not concern us here, but the 
parallel work on wavemaking is not so well known. 

Careful observation of a ship or model moving at uniform speed 
in calm water reveals that abaft the bow, and enclosed within lines 
angled at about 30° to the centreline of the ship, there are two wave 
systems, one with its crests at abaut 60° to the centreline and the 
other at right angles to the centreline. Similar waves are generated 
at the stern, the bow and stern systems having a phase difference 
which depends on the length of the ship and its speed. The inter- 
ference of the two systems to produce the waves left behind the ship 
leads to a periodic variation of resistance with speed; if crests of the 
bow waves pitch into troughs of the stern waves then the resulting 
waves abaft the ship are small and the resistance is small and, 
conversely, if the crests coincide the resistance is high. If the speed 
of the ship is steadily increased the two wave systems will alternately 
fall into antl out of phase and, since this affects the pressure distri- 
bution around the ship, the resistance fluctuates. 

Progress on the development of an adequate theory has been 
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continuous, if slow, since Michell published the fundamental theory 
in 1898, and reasonably accurate estimates of the wavemaking resis- 
tance of certain geometrical forms can now be made. These generally 
have been obtained by selecting complex variables, or distributions 
of sources and sinks, which will generate ship-like forms. For 
example, the source distribution for a very fine form with parabolic 
sections, extending over the central plane (y = 0) between limits 
—a <x <a,and 0 <z< d, is given by 


bex 


where o = sources per unit area, 
c = speed of body along 0x 
2a = length of body, 
2b = maximum breadth of body, 
d = draught 


It is true that a great deal more must be done before we can 
caleulate the wavemaking resistance of normal ship forms, but the 
solutions which have already been obtained have made a valuable 
contribution to understanding what happens and they have stimu- 
lated and clarified model research. 


2. Ship Propulsion 


All ships have to have a means of propulsion and the usual way is 
to use a screw propeller to convert the power of an engine into a 
driving force. This force is developed by setting water in motion 
backwards and, of course, the kinetic energy of this water is lost. 
If m is the mass of the water flowing through the propeller in unit 
time and v is the increase in the velocity of the water due to the 
propeller action, then the thrust is proportional to mv and the kinetic 
energy lost is proportional to mv*. It follows that to reduce the loss 
of energy v should be as small as possible, which, for a given thrust, 
can only be done by making m as large as possible, that is, by making 
the propeller as large as possible. This simple fact is often not 
appreciated by people who build model boats and then fit them with 
tiny, and therefore inefficient, propellers. 

The problem of representing the action of a screw propeller has 
claimed the attention of mathematicians since the beginning of this 
century and today rather complex mathematical models are used. 
The propeller blades are represented by line vortices having 
varying circulation along their length. This variation leads to the 
shedding of free vortex lines in a direction coinciding with the 
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resultant motion and the problem is to calculate the velocities 
induced by these vortex lines around the sections of the propeller 
blades. When this is done the lift and drag can be evaluated at 
each section and these can be integrated to give the thrust on the 
ship and the torque required from the engine. 

Even this fairly complex analysis is found to be inadequate for 
the broad bladed propellers used to propel ships, but the theory 
provides an indispensable guide to the effect of varying parameters 
such as the pitch and shape of the blades. 

Until a quantitatively more accurate theory is available the 
ship designer must continue to base his propeller designs on the 
results of model experiments, particularly as in these experiments 
he is also able to allow for the interaction between the hull and the 
screw. 

One might ask why, if experimental methods are satisfactory, 
should we continue to search for a mathematical solution? The 
answer is clear, the experimenter can measure the thrust, torque 
and efficiency of his models and compare one with another, but 
he is almost completely in the dark about why these results are 
obtained, and will remain so until the mathematician can produce 
an adequate theory. 


3. Ship Motions 


The prediction of the motion of a ship in rough seas and the effect 
of the shape of the ship on this motion are questions which are 
currently attracting a good deal of attention among ship designers 
of all nations. A warship should be able to maintain high speed and 
fire its missiles accurately in spite of bad weather, and a passenger 
ship should not be too uncomfortable even in the worst seas it is 
likely to meet. The first step is to formulate the equations of motion 
for a ship moving at steady speed through regular waves, that is, 
waves of sinusoidal form whose crests are straight and extend 
indefinitely in either direction. For example, the simple equations 
for pitch and heave may be written in the form 


az + bz + cz = Fei 
A§ + BO + CO = Mei 


where zis the vertical displacement, or heave, 
fis the angle of pitch 
Fis the heaving force imposed on the ship by the waves 
and M is the pitching moment imposed on the ship by the waves. 


In these equations only the real part of the right-hand side is to 
be taken. 
In fact cross-coupling occurs between pitch and heave and the 
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equations become more generally 
ai + bi+ez+d6 + e6+ fO = beim 
Ab + Fi+ Gz = Me 


The coefficients on the left-hand side of these equations can be 
regarded as constants and they can be calculated from the lines 
plan of the ship although, in practice, it is easier to evaluate them 
by model experiments. When they are known the motion of the 
ship in regular waves can be predicted with reasonable accuracy. 

It might appear that this prediction of motion in regular waves 
is still far removed from forecasting what happens to a ship in the 
violent and confused seas which are encountered in storms, and so 
it would be were it not for the oceanographers and mathematicians 
who have taken records of such seas and then, by statistical analysis, 
resolved them into a very large number of very small sine waves. 
This neat handling by mathematicians of one of Nature’s most 
fearsome spectacles is a story in itself, but it is sufficient for our 
present purpose that the ship designer can be given a distribution 
of wave energy against frequency for the worst seas likely to be 
encountered in any area. From this he can calculate the motions of 
a ship in regular components of the confused sea and then obtain 
the total motion by adding together the individual responses. 

It would be wrong, however, to give the impression that this 
problem has been solved. What we can say is that we know how 
to approach it and, in time, when certain details of the theoretical 
work have been improved, we expect to be able to forecast from the 
lines plan of a new ship what its probable motion will be in typical 
rough weather conditions and, most important of all, how to 
modify the shape of the ship to reduce this motion. 


4. Submarine Control 


With the advent of nuclear propulsion and of guided missiles 
which can be launched from a submerged body, increasing attention 
is being given to the design of large, high speed submarines. 
One of the many problems is to predict the behaviour of such a 
submarine, weighing perhaps several thousand tons, when manouver- 
ing at high speed deeply submerged. 

The submarine moves in three dimensions under the action of 
weight, buoyancy, resistance, propeller thrust and the hydro- 
dynamic lifts and moments on the control surfaces (the rudders 
and hydroplanes). With certain assumptions, such as neglecting 
the compressibility of the hull, the equations of motion can be 
written down and expressions can be obtained for the stability of the 
motion in the vertical and horizontal planes. Thus the linear 
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equations for the dynamic stability of the disturbed motion in the 
vertical plane of a submarine moving on a level path can be expressed 
as: 


af + + cB =0 
eh + + + hp =0 


where: 6 = the angle of the submarine’s axis to the horizontal 
fp = the angle of incidence of the submarine, i.e., the angle 
of the axis to the instantaneous direction of advance 
of its C.G. 


The coefficients represent either mass and inertia or hydro- 
dynamic derivatives determined by the way in which the hydro- 
dynamic force and moment on the submarine vary with incidence 
B and angular velocity 6. 

The equations of motion are thus simultaneous linear differential 
equations for § and 6, which can be solved in the usual way by the 
substitutions 


0 = 0,c* 


The elimination of 6, and f, between the two equations thus 
obtained leads to a cubic equation in 4 known as the stability cubic. 
If any of the roots of the stability cubic are real and positive, or 
complex with positive real parts, the disturbed motion will increase 
with time and so be unstable. By this means a criterion for dynamic 
stability is obtained and a method provided whereby the sizes of 
the control surfaces can be determined. 

So far it has not been possible to calculate the coefficients in 
these expressions but they can be measured by experiments on 
models rotating in a circular path. 


Examples 


The following examples are concerned with the design of warships’ 
structures. Here again the Admiralty have impressive apparatus 
for testing scale models, but this time the models are of steel and 
aluminium structures and the laboratories are at the Naval Con- 
struction Research Establishment, near Rosyth. Of the many 
pieces of equipment perhaps the most imposing (it is the largest, 
of its kind, in the world) is a testing frame enclosing a volume 
69 ft. x 39 ft. x 33 ft. in which large scale models can be subjected 
to forces up to 2,000 tons along the axis with additional forces up 
to 500 tons in any direction. While the models are being tested 
strain gauges record the stresses at a large number of critical points. 
As always, an adequate theory is essential if the designer is to under- 
stand why the stress at any point is high and if he is to extrapolate 
the model results to the full scale with confidence. 
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5. Longitudinal Strength Calculation 


The structure of a warship must be adequate to withstand, without 
excessive stress or deflection, the forces imposed on it during service. 
When a ship moves among waves the distribution of buoyancy 
along the length is continuously varying, and this causes the ship 
to bend, either “hogging” or “‘sagging’’ according to its position 
relative to the wave crest. The purpose of the longitudinal strength 
calculation is to find the largest stresses which a ship is likely to 
experience as a result of these bending actions. If, in a proposed 
design, the calculated stresses are unacceptably high, then the 
scantlings of the structure must be increased and the calculation 
repeated until the required standard of strength is obtained. 

It has been shown by tests on ships at sea that when the bull 
bends the resulting distribution of stress is in accordance with the 
linear bending theory; that is, the longitudinal bending stress at 
any point in the cross-section of a ship is proportional to the distance 
of that point from the neutral axis of bending. It follows that the 
longitudinal bending stress f at a point distant y from the neutral 
axis can be calculated from the equation 


M 
f=; (1) 


in which M is the external bending moment acting on the ship, 
and J is the second moment of area about the neutral axis of the 
hull cross-section at the longitudinal position considered. The 
position of the neutral axis must satisfy the condition that 


Ly.dA=0 


where y is the distance of any element 5A from the neutral axis, 
the summation including all longitudinally continuous material 
in the cross-section. Having established the position of the neutral 
axis, the second moment of area J is then found from the sum- 
mation: 


I = Ly* . dA. 


To calculate the bending stress from equation (1) it remains to 
find the bending moment M resulting from the distribution of 
weight and buoyancy along the length of the ship. For this the 
ship is assumed to be at rest with either the crest or trough of a 
wave amidships, the former giving rise to the “hogging” condition 
and the latter to the “‘sagging’’ condition. For the purpose of this 
standard calculation the wave length L is taken equal to the ship 
length, and the wave height h as 1/20th of the length. The profile 
of the wave surface is assumed to be a trochoid whose horizontal 


MATHEMATICS IN WARSHIP DESIGN 263 


and vertical co-ordinates x and y are related by the equations 
h 


A profile of this ‘‘standard’’ wave is then placed over a profile of the 
ship, and its position adjusted by trial and error until the buoyancy 
is equal to the weight of the ship and the centre of buoyancy is 
vertically below the centre of gravity of the ship. This meets the 
initial assumption that the ship is poised, in equilibrium, on the 
wave. The evaluation of the buoyancy and centre of buoyancy of 
the part of the ship beneath the surface of the wave is usually made 
by a mechanical integrator, the instrument being moved by hand 
around the drawing of the immersed sections of the ship. 

In this way a curve of buoyancy per unit length can be plotted. 
The difference between this and the curve of weight per unit length 
gives the net loading at each section of the ship. If the net load per 
foot run at any distance x from amidships is denoted by q, then the 
shearing force F and bending moment M acting on the ship at that 
point are 


z 
r= +0, 
0 


M = q.dx.dx +Cyw+C, 
0 Jo 


in which the constants of integration are such that the shear force 
and bending moment are zero at the ends of the ship. Integration 
of the load curve to obtain the shear force, and double integration 
to obtain the bending moment, may either be done numerically, 
using Simpson’s or similar rules, or mechanically, using an integraph 
which automatically plots the integral of a curve when the pointer 
is moved along the curve. 

The stress distribution at any section of the ship can then be 
calculated from the shear force and bending moment at that section 
and the thickness of the structural members can be adjusted to 
bring these stresses to values which experience has shown to be 
suitable. 


6. Longitudinal Strength of Superstructures 


The longitudinal strength calculation, using the linear bending 
theory as described above, strictly applies only to the main hull 
girder of a ship up to the uppermost continuous deck. Wherever the 
longitudinal structure of the ship contains breaks or discontinuities 
the assumptions of the linear theory are no longer valid and a 


h 
y = 5 (1 — 0s 6) 
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different approach is required to find the stresses in the discontinuous 
structure. The ship’s superstructure is an important case in point. 
This will extend over only a part of the length of the ship and may 
thus be regarded as a short box structure rigidly attached to a 
longer beam which is itself subjected to known bending and shearing 
forces obtained from the weight and buoyancy curves as described 
above. The base of the superstructure is therefore forced, by its 
attachment to the hull, to bend and stretch; and the problem is to 
find the stresses in the superstructure resulting from these actions. 

It can be shown that when a flat panel of plating is subjected to 
forces applied in its own plane, the resulting stress distribution in 
the plate is governed by the equation 


ap 
in which x and y are orthogonal co-ordinate axes, and ¢ is the Airy 


Stress Function. The direct stresses f, and f, and the shear stress 
fry are related to the stress function m by the equations 


0 (1) 


_ &y 
Op 
Ap | 
Sou = Fe Oy | 


Thus if, for a single deck superstructure, g, denotes a stress function 
governing stress in the sides of the superstructure and g, a stress 
function in the top of the superstructure, then both ~, and gm, must 
satisfy equation (1) and also the appropriate conditions of stress, 
strain or curvature at the edges of the panels. 

For this type of problem it is convenient to express the stress 
function in the form of an infinite series 


gy = L(A cosh nky + B sinh nky + Cy cosh nky 
+. Dy sinh nky) cosnkx (3) 


in which n takes integral values and the summation includes as 
many terms as are required to express accurately in series form the 
external bending moment applied to the ship. Equation (3) satisfies 
equation (1), and hence it only remains to find the integration con- 
stants A, B,C and D in equation (3), to make ¢ satisfy the necessary 
edge conditions for the separate plate panels forming the sides and 
top of the superstructure. Thus the stress function for the vertical 
sides of the superstructure must be such that at its lower edge the 
strains and curvatures conform to those in the hull; in this way the 
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interaction of hull and superstructure is taken into account. There 
are sufficient edge conditions to enable all the constants of integration 
to be determined, and from these the stress functions @ are obtained. 
The stresses at any point in the superstructure are then found from 
equations (2). 

The mathematical procedure described above, in which a solution 
to the governing differing equation is found which satisfies the 
relevant boundary conditions, is typical of the technique used in 
solving many ships structural problems. A similar application of 
this method is described in the next section. 


7. Strength of Flat Grillages under Lateral Loading 


The structure of a warship is largely composed of panels of 
plating reinforced by stiffeners to withstand either axial or lateral 
loading. A plate panel reinforced by an orthogonal system of 
stiffeners is generally referred to as a plated grillage, and the caleu- 
lation of the strength and stiffness of grillages is thus of basic 
importance in warship structural design. A typical case occurs, for 
example, in the flight deck of an Aircraft Carrier. The deck has to 
be designed to withstand, without yielding or undue deflection, the 
loads which may occur due to aircraft taking-off, or landing. 
This particular design problem has stimulated considerable research 
into the strength of flat grillages under point loads, and techniques 
of elastic analysis have been developed for this problem which are 
equally applicable to grillages under uniform lateral pressure. 

It has been found that the lateral deflection w at any point 
(x, y) ona flat grillage under lateral pressure of intensity p is governed 
by the equation 


Otw dw 


in which A, B, and © are coefficients which depend on the flexural 
and torsional stiffnesses of the grillage and can be calculated from 
the dimensions and elastic properties of the plating and its stiffeners. 
The solution of the above equation generally follows similar lines 
to those outlined above for the superstructure calculation. A solution 
of the differential equation is found, and contains constants of 
integration which are then chosen to satisfy the conditions at the 
boundaries of the grillage. Thus if the stiffeners are effectively 
encastré at the edges of the grillage, that is, they do not deflect 
laterally or rotate at that edge, then the boundary conditions are 


w 
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at the edge considered. Such boundary conditions can always be 
written in terms of the deflection w or its derivatives, and these 
conditions enable constants of integration to be found. From the 
general expression for deflection so obtained, bending moments and 
hence stresses in the structure can be calculated, since these also can 
be written in terms of deflection derivatives and the flexural 
properties of the grillage. 

This differential equation solution of grillage problems is only 
useful where there are a large number of stiffening beams in both 
directions and where both structure and loading are regular. In 
many practical cases, however, the stiffening beams have, for other 
reasons, to be of differing sizes and are often irregularly spaced, and 
the solution by this method becomes prohibitively complex. As 
an alternative in such cases use is often made of the Energy Method 
which embodies the principle that if a system is in a position of 
stable equilibrium then its total energy is a minimum. Now the 
total energy of a laterally loaded grillage consists of two parts, the 
strain energy (V) of bending of the grillage, and the potential 
energy (W) of the load applied to the panel. The bending energy 
(V) can be expressed in terms of the known flexural properties of 
the grillage and the deflection w or its derivatives; and the potential 
energy W involves only the loading p and the deflection w. Thus, 
for example, the deflected surface of the grillage might be assumed 
in the form 

w= a,F, + a,F, + 


in which F,, F,, and F, are functions of the co-ordinates x and y, 
and a, a, and a, are constants yet to be determined. This assumed 
form of deflection should satisfy the boundary conditions for the 
grillage. Then the total energy 


U=V+W 


can be expressed in terms of the known flexural properties, the 
loading, and the constants @,, a), and a, in the deflection expression. 
Since the total energy must be a minimum for equilibrium then 


and these three equations enable a,, a,, and a, to be found, and 
hence the full expression for deflection determined. Bending 
moments and stresses are then calculated in the usual way from the 
deflection expression. It will be seen that the success of this method 
depends on choosing an assumed deflection form which closely 
approximates actual conditions. If this is done the results will be 
sufficiently accurate for design purposes. In this connection experi- 
mental evidence from models or full-scale structures is of great value 
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in selecting deflection expressions for use with the energy method, 

In the past both methods of analysis described above have been 
widely used in the design of ship structural elements. The scope of 
both methods has hitherto been limited mainly by the amount of 
time and labour available for carrying out the necessary algebraic 
or arithmetical analysis. However, with the recent development of 
electronic computing, the scope of theoretical structural analysis 
will be greatly increased. Calculation of stresses in complex 
structures under irregular loading now becomes possible, and already 
computing programmes have been prepared to deal with a number 
of standard structural problems in warships. 


8. Submarine Pressure Hull 


The hull of a submarine must be able to withstand the pressure 
due to several hundred feet of water and this must be done with 
the minimum weight of structure so that as much weight as possible 
can be allowed for the armament, stores and machinery. Fortunately 
there are two reasons why the design of a submarine hull lends 
itself to precise mathematical treatment; one is that the loading 
at the maximum depth is known accurately and the other is that 
the section is circular. Basically the hull is a cylindrical shell 
strengthened by ring stiffeners and divided into compartments 
by bulkheads. The designer's job is to calculate the optimum size 
and spacing of the stiffeners and the thickness of the cylindrical 
plating. 

The structure may fail in several ways and for each possible 
method of collapse differential equations can be set up for the radial 
displacement of the cylinder. A typical equation is 


doy 
dx‘ Ia®* IE 2 


where w, A and a are the radial displacement, thickness and radius 
of the cylinder, J is the M.I. of the frame, x is distance measured 
along the axis, p is the pressure, 2 is Young’s modulus, and yp is 
Poisson’s ratio. 

The solution to this equation has four arbitrary constants which 
can be determined from the boundary conditions of slope, displace- 
ment, shear force, and curvature. The equation for w given by this 
solution can be successively differentiated to give bending moments 
and shearing forces, and from these the stresses can be calculated. 

The above, it must be admitted, is somewhat less sophisticated 
than the treatment which is found to be necessary for an accurate 
assessment of the stresses in the hull. This generally involves 
solutions to differential equations in the form of series and some 
experiment work to determine the effect of the interaction between 
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the different modes of failure. By such means it is possible to 
design a cylindrical hull which will withstand a given pressure and 
have the minimum weight. 

This, of course, is only the first stage of the investigation; many 
areas of the cylinder have to be pierced for hatches, pipes and valves, 
or joined to decks or machinery seats, and these drastically upset 
the stress pattern. The stress at each discontinuity has to be analysed 
by theory and experiment and this requires a concentrated effort 
by mathematicians and constructors which would, no doubt, 
surprise those who were not familiar with this subject. 


Admiralty Offices, Bath 


DIRICHLET 


By H. Davenport 


This year has brought the centenary of Dirichlet’s death (5 May 
1859), and it is fitting that we should recall some of his achievements 
and his part in the development of mathematics. 

Gustav Peter Lejeune Dirichlet was born on 13 February 1805, 
and was the son of the postmaster at Diiren, near Cologne. Among 
the schools he attended was a Gymnasium at Cologne, where one of 
his teachers was the physicist Ohm. When the time came for 
University study in 1822, Dirichlet persuaded his parents to let 
him go to Paris, which was then the world centre of mathematics. 
Laplace and Legendre were still alive and active, Fourier was at 
the height of his career, with a group of brilliant young men round 
him, and Cauchy had already begun his massive development of 
the theory of functions. 

Dirichlet spent three years in Paris and profited greatly from 
them. Besides attending lectures, he devoted himself to reading and 
re-reading Gauss’s Disquisitiones Arithmeticae. By long continued 
efforts he mastered it, and he was probably the first to do so, even 
though it had appeared more than 20 years earlier. The two great 
influences of the Paris period: his regular studies and his mastery 
of the Disquisitiones, show themselves throughout all his work. 

The first paper he published (on the equation x° + y> = z5) 
sufficed to establish Dirichlet’s reputation, and brought him the 
friendship of Fourier and of Alexander von Humboldt, who exerted 
himself to further his career. Soon after he returned to Germany, 
Dirichlet was appointed Professor at Berlin, and stayed there 
until 1855 when he accepted the invitation to succeed Gauss at 
Géttingen. (His own successor in 1859 was Riemann.) Thus most 
of Dirichlet’s work belongs to the Berlin period. Jacobi was also 
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in Berlin up to his death in 1851 and was a close friend of Dirichlet, 
though there was no formal collaboration. 

Much of Dirichlet’s work has long been absorbed into the general 
body of mathematical knowledge. Especially is this true of his work 
in analysis. But it is worth recalling that he was the first to use the 
term ‘function’ in its modern sense, and to impose explicitly just 
those conditions of monotonicity or continuity which the reasoning 
required. He was also the first to observe that a conditionally 
convergent series can be sade to diverge by rearrangement of the 
terms. But his main achievement in analysis was to give the first 
rigorous proof, under reasonable conditions, of the validity of 
Fourier’s series. The main difficulty lay in proving that if f(x) is 
continuous and monotonic for 0 < # < h(< 47) then 


fiz) dx—> 5 f0) as n—>0O. 
Since then the proof has been simplified by the use of the second 
mean value theorem, but Dirichlet’s original proof is still worth 
reading. 

Dirichlet was the first to use analysis to discover and prove general 
theorems in number theory, and it is this which constitutes his 
greatest claim to fame. In 1837 he gave the first proof of the theorem 
(long conjectured) that any arithmetic progression a, a -- d, 
a-+ 2d,..., in which a and d have no common factor, contains 
infinitely many primes. The proof contained several novel ideas, 
each of which was the starting point of a whole new theory. Closely 
related to this work was his proof of the ‘class number formula, 
conjectured by Jacobi. This formula asserts the equality of two 
positive integers, defined by quite different arithmetical construc- 
tions, and it is remarkable that the intermediate stages of the proof 
use integration and infinite series. Even today no direct proof is 
known. 

Much of analytic number theory can be traced back to an origin 
in the work of Dirichlet. Both the problems he proposed and the 
methods he used to elucidate them have proved to be of great 
significance, though of many of the problems it must be confessed 
thet the ultimate truth still eludes us. 

Dirichlet’s works are the most readable of all the collected works 
of great mathematicians. The ideas are always well set out and well 
expressed, and are never obscured by detailed calculations or by 
irrelevant generalizations. The study of Dirichlet’s papers is likely 
to be found both profitable and enjoyable by mathematicians of the 
future, as of the past. 

H. D. 
Trinity College, Cambridge 
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AUTOMORPHIC NUMBERS IN A GENERAL SCALE : 


By R. L. Goopstretn 


Dr. C. D. Langford recently sent me some numerical work he had 
done on automorphic numbers. He found automorphic numbers in 
the scales of 6, 10, 12, 14, and 15 and he discovered what proved to 
be a general method of finding an automorphic number of r + 1 
digits from one of r digits. Dr. Langford’s notes stimulated me 
to look for explanations of his results. 

A number a is said to be automorphic in a scale n, with index k, 
if a®= a (mod n*). Thus in the scale of 10, 376 is automorphic 
with index 3, since 376? = 141376. Numbers ending in 0 or | are 
of course automorphic (with index 1) in any scale, but such trivial 
automorphisms will be ignored in the sequel. 

We start by proving 

THeoreM I. There are automorphic numbers in the scale n, with all 
indices, if and only if n is expressible as a product of two relatively 
prime factors. 

For a? — a is divisible by n if and only if there is a & such that 
aja—1)=kn; let n=uv and k=Ilm, where u>1, v>1, 
l>1, m>1. Then a=lu, a—1 so that u, v have no 
common factor, and lu—mv=1. With uw, v relatively prime 
the equation 

lu — mv = | 


always has a solution from which we determine the automorphic 
number a = lu. 
For example in the scale of 24, since 24 = 3 x 8 we solve 


3l — 8m = 1 


giving / = 3 which leads to the automorphic number 9. Of course 
the scale number may be expressed as a product of two relatively 
prime factors in more than one way and each factorisation will 
produce two automorphic numbers (taking account of the order of 
the factors). 

Now, for any integer k, n* is expressible as a product of two 
relatively prime factors if and only if n itself is so expressible and 
therefore there are automorphic numbers with all indices in a scale 
if and only if there is an automorphic number with unit index in the 
scale. 

For any m, a solution in integers of the equation 


— b™y = 1 
may be given in terms of a solution of 


by —ax=1; 
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for 
= {1 + d(a — yo)(byg)” “Fla 


= (a — %) 

is a solution of 

ax — b™y=1 
and 

x= y = {(ax,)™ — 1}/b™ 
obviously satisfies 
a™z — b™y = 1; 

and if 

by — = 1 
then 


1 + — = 1 + b(a — + 
= 1 + b(a — yo) + positive powers of a 
== a(b — x9) +- positive powers of a 


so that 2, is an integer, and (ax,)" — 1, being divisible by az, — 1, 
is divisible by 6”, so that {(ax,)”" — 1}/b” is also an integer. 

Looking for automorphic numbers with successively higher indices 
in a scale Dr. Langford noticed that, in the scale of 10, 65 = 7776, 
the last two digits giving the next automorphic number 76, and 
76° — 2535525376, the last three digits giving the automorphic 
number 376. In the scale of 12, cubes have this property, starting 
with the automorphic number 4, and starting with 9 we take fourth 
powers. These results suggested the following 

THEOREM 2. Let n be a product of relatively prime factors u, v and 
let k > N be chosen so that 


u® = 1 (mod v¥) 


then the remainder when u* is divided by n® is an automorphic 
number in the scale n with index N. 
By Euler’s extension of Fermat’s theorem there is always an 
integer k such that 
u*® = 1 (mod 


when wu, v are relatively prime. Since u*=1 implies u* = 1, 
mod vw’, we may take & in (i) to be as great as we please. 

If =1 (mod then — u* = u*(u* — 1) is divisible by 
(uv) =n; hence if u* = R (mod n*) then R? — R is divisible 
by n¥, so that R is automorphic with index N. 

In fact if k satisfies 

u® = 1 (mod v) 


then 


uke” = (mod 
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for if uw" = 1 (mod v’), then u**”* = 1 + 4v’, for some integer A, 
and so 


ube? — {ute — {1 + Avy? = 1 + 
+ powers of v’ = 1 (mod v’*!) 


which completes an inductive proof. Hence we may sharpen 
Theorem 2 to give 
THEOREM 3. Let n be a product of relatively prime factors u, v and 
let k be chosen so that 
u*® = 1 (mod v) 


then the remainder when u***” is divided by n® is an automorphic 
number in the scale of n with index N. 

Theorem 3 remains true if we replace u by any w divisible by u 
and prime to v, for if, for some uw > N, 


w* = 1 (mod v¥) 


then — = w(w" — 1) is divisible by (uv)¥ =n¥. Thus 
since 6 = 1 (mod 5) therefore 65 = 1 (mod 5*) and so the remainder 
when 65 is divided by 100 is automorphic with index 2, and further 
6°° = 1 (mod 53) and so the remainder when 6% is divided by 1000 
is automorphic with index 3. In this example 6 is itself automorphic 
in the scale of 10, but Theorem 3 appears to show that it is not 
necessary for the base whose powers provide successive automorphic 
numbers to be itself automorphic. However, if 


u® = R (mod n) 
so that R is automorphic, then R is divisible by u, and since 
u* — R + dn, for some J, then 
— R° + 2R* vn + higher powers of n 


= R* (mod n?) 
and if 
uke"? — Re (mod n’) 
then, for some y, 


ube’ — — + unt} 
= + + higher powers of n’ 
= R” (mod n’*1) 
so that u* = R (mod n) implies u**” = R™ (mod n+!) for any r 
and the successive automorphic numbers are given by the remainders 


when the powers R, R°, R”. ... of the automorphic number R are 
divided by n, n*, n3, ... respectively. 


R. L. G. 


MAGIC SQUARE PATTERNS 
By D. B. Eprrrson 


Diagrammatic methods may be used to establish some well known 
facts about mayic squares 

In a magic square with 9 cells, the number in the central cell is 
always a, the average of the three numbers in each row, column or 
diagonal. Using a dot to represent the number in any cell, fill the 
cells of a 3 x 3 square in this way: put a dot in each of the cells 
forming a diagonal: these dots represent numbers totalling 3a. 
Next put a dot in each cell of the other diagonal, and finally put a 
dot in each cell of the middle column: these nine dots then represent 
numbers totalling 9a, Fig (i). But the three dots in the top row 
represent numbers totalling 3a, and the three dots in the bottom row 
represent numbers totalling 3a: therefore the three remaining dots 
in the central cell also give a total of 3a, and so a single dot in the 
central cell represents the number a. 


| a-x |arx-y}] ary 
a+xty| A |a-x-y 
ej\e A-Y | A-X4+Y AtX 
Fig. 1 Fig. 2 


Hence the general pattern of a 3 x 3 magic square is given by 
Fig. (ii) in which the numbers in each diagonal and in the central 
column and in the middle row form arithmetical progressions with 
common differences x, y, x — y, and x + y respectively. We may 
assume without loss of generality that z > y > 0, and thata > x +- y, 
so that the number in each cell is positive. The nine numbers will 
all be different, except when x = 2y, for in this case x — y = y; 
hence a+ x—y=a-+y, anda—zx+y=a-—y, and so two 
pairs of cells have the same numbers. 

Further if x > 2y, then x — y > y, and so 


and in this case the sequence of numbers in order of magnitude is 
given by Fig. (iii). In the particular case when x = 3y, the sequence 
of numbers becomes an arithmetical progression with common 
difference y, 


a+ 4y,a + 3y,a+ 2y,a+ y,a,a — y,a — 2y,a — 3y,a — 4y 
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By putting a = 5, y = 1, we obtain the only 3 x 3 magic square 
formed by the integers from 1 to 9. 
If however x < 2y, then x — y < y, and so 
and the sequence of numbers provides the only alternative pattern 
of Fig. (iv). 


Ne ¢ 
—J 


Fig. 3 Fig. 4 


In any 4 < 4 magic square, it can be shown that if ¢ is the total 
of the numbers in each row, column and diagonal, then the numbers 
in the four corner cells always give a total ¢. This and other facts 
can easily be established by a diagrammatic method. (a) Fill up the 
top and bottom rows with dots, then add dots representing the two 
diagonals: these sixteen dots represent numbers totalling 4¢. 
Subtract the dots in the two central columns, representing numbers 
totalling 2¢, and we are left with two dots in each corner cell, 
representing numbers totalling 2¢. Hence the total of the numbers 
in the four corner cells is ¢. (b) Fill up the two diagonals with 
dots—total 2¢: subtract the dots in the four corners, total t, leaving 
dots in the four central cells. which must therefore total ¢. (c) Fill 
up the two central columns with dots (or the two middle rows)— 
total 2t: subtract the dots in the four central cells, total t, and we 
are left with dots in the middle cells of the top and bottom rows 
(or the first and last columns) representing a set of four numbers 
totalling ¢. We can call these “opposite pairs’’. 


a d+x+z| b-x-z c 
c+x+w b-x d+y |a-y-w 
d-x-w}| a-y c+x | b+y+w 


b C+YU-Z | A-Ytz d 


Fig. 5 


These three patterns lead to the following general algebraic 


pattern for a 4 x 4 magic square, (Fig. v), in which the total of 
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each column, row and diagonal, the four corner cells, the four central 
cells, and “opposite pairs” is a +- b+ ¢ + d. 

The reader may care to show for himself that if k occupies a corner 
cell of a3 x 3 magic square, then the two cells which are a knight’s 
leap away from the corner must contain numbers of the forms 
k+cand k—ce. 


Bishop Otter College, Chichester D. B. E. 


THE PEDAL CIRCLE AND THE 
RECTANGULAR HYPERBOLA 
I am greatly indebted to Mr. E. H. Lockwood of Felsted for 
pointing out a considerable simplification in the rather lengthy 
and ‘“‘angular’’ proof of the First Theorem in my recent article in the 
February Gazette (XLIII, p. 21). After line 3 of the proof, since 
circle UMB’ contains O, we may continue: 
UOM = UB’M = PCA; similarly UON = PBA. 
Hence MON = PCA + PBA; and the rest is as before. 


H. Martyn Cunpy 
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2868. The area of the pedal triangle 

The area of the pedal triangle of a point in the plane of a triangle 
varies directly as the power of the point with respect to the cireum- 
circle of the given triangle. 

In the usual notation, A BC is a triangle with area /\, cireumcentre 
O, and circumradius R. S is the area of LMN, the pedal triangle of 
any point P, and OP = p. 


B L C 


Proof: If L,, M,, N,, are the images of P in BC, CA, AB, the 
hexagon BL,CM,AN, and the triangle L,M,N, have areas 2 / 
and 48 respectively. Also, AM, = AN, = AP,and /M,AN, = 24. 
From these and the fact that the centroid of masses proportional 
to sin 2A, sin 2B, sin 2C at A, B, C, is the circumcentre, O, we get 


2A —48 = sin 2A = R2) 


that is, 


Adopting the convention that S is negative if P is within the circum- 
circle establishes the proposition. 
The foregoing, one of two ‘‘mechanical’’ proofs, is given for brevity. 
Several other simple demonstrations are possible. One was sent 
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to the author by Dr. H. M. Cundy who became interested in the 
problem, (product of segments AP, PD of the chord APD of the 
cireumcircle of the triangle A BC), while a second proceeds through 
the functional relation S = A f(p). 

The obvious corollaries, OH, OI, OI,, etc., and Simson’s Line 
need no special comment. 

It is easily proved that the theorem embodies a property common 
to all polygons. In general, if o is the area of a polygon A BCD..., 
S the area of KLMN..., the “pedal polygon” of any point P in its 
plane, and S be taken as a parameter, the loci of P are either 
concentric circles or parallel lines. The condition for the latter 
involves the angles only of the given polygon: X sin 2A = 0. This 
is satisfied automatically by the angles of a trapezium or cyclic 
quadrilateral. The “parallelogram property” requires a coincidence 
of centroids. 

If Z, F, are the points of intersection of opposite sides of an 
arbitrary convex quadrilateral, and W the Wallace point of its 
four lines, the loci referred to are concentric with the circle EW F. 
If Z is the centre of this circle and we set p= ZP, R = ZW, and 
take R, as that radius which makes 4S = p, then 


this is also the general equation. 


Dunedin, N.Z. S. G. 


2869. Note on Pell’s equation 


1. It is well known that if x, y, is the smallest positive integral 
solution of Pell’s equation 


a? — Dy? =1 (1) 


where D is a positive integer, then all positive integral solutions are 
given by i 
+ y,VD = (% + DY (2) 


where r is a positive integer. The solutions with y a negative 
integer are given by negative integral values of r: the trivial 
solution z = 1, y = 0 is given by r = 0. 

Equation (1) may be regarded as that of a hyperbola. This leads 
to some interesting results. 

2. We consider only the branch of the hyperbola on which z is 
positive, and we denote the point (z,, y,) by P,. We write 


x = yV D = 


R?—R?’ 
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It is then easily shown that if 2a is the parameter of P,, then 2ra is 
the parameter of P,. (The factor 2 simplifies the later work.) 

Now let P,, P, be the points corresponding to any two solutions 
of (1). We consider the gradient of the line P,P,. This is 


¥%—Y, 2sh(r—s)ach(r+s)x 1 


2, VD 2sh(r — s)a sh(r + s)a VDthna 


where r-+s—n. The gradient therefore depends only on r+ s. 
Hence all chords P,P, for which r +- s is constant are parallel. (This 
includes the special case where » is even and r = s = 4n, when P,P, 
is a tangent.) This gives a method of constructing successive 
solutions if P, is known: P,, is the other intersection with the hyper- 
bola of the line through parallel to P,P, 

It may be shown that the ratio of the gradient of P,P, to the 
gradient of PP, is the nth convergent of the continued fraction 


which is an expression* for 1/VD. (The proof is omitted to save 
+ th 
_ This is the gradient of the 
z,+2, WD 
diameter conjugate to all chords P,P, for which r + s = n. 
E. J. F. PRIMROSE 


space.) We have also 


2870. An example on term-by-term differentiation of infinite series 

There are sufficiently few natural examples of the failure of the 
process of term-by-term differentiation of an infinite series to make 
the following worth recording. Let 


2 
f(x) = Aa log (1 + nx), (1) 


where 8 >0. Then although both the series on the right of (1) 
and the differentiated series 
= 2z 
9 


converge for all values of x whenever « > 1, the value of the differen- 
tiated series (2) at x = 0 is equal to f'(0) if and only if a > 1 + 4/7. 
* There is another interesting expression for 1/V D, namely 


1 1 


whose convergents give all the solutions of (1) with x and y positive. 


+ 


1 1 1 1 
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Thus, for instance, the derivative of the function 


1 
file) = log (1 + 
at x-==0 can be obtained by term-by-term differentiation, while 
that of the function 


1 
folx) = log (1 + 


at x = 0 cannot be so obtained. 
When « > 1 + 3, the series (2) is uniformly convergent in any 
closed interval [a, 6], for under these conditions we have 


x < 1 


for all x, so that the series satisfies the M-test. Thus term-by-term 
differentiation of the series (1) is valid for any x whenever 
a“ >1-+ 48. (It is in fact valid for any x 4 0 whenever « > 1, for 
then the series (2) is evidently uniformly convergent in any closed 
interval not containing the origin.) 

If 1 <a< 1-4 then f’(0) is not defined, although the sum 
of the series (2) at x = 0 is evidently 0. To prove that f’(0) is 
undefined, we observe that for any positive integer N and for any 
positive x 


f(z) — f(0) 


21 igi 
log (1 + > log (1 + 


1 
x Zani 


Choose now x = N-#, Then 


~ 
log (1 + > N¥# log 
ilog2 
> — oe 


Since « < 1 + 4, we have therefore 


f(x) — f(0) > log 2 
a—l 


lim sup 
z—+0+ x 


and since f is an even function, this implies that f’(0) is undefined. 


University of Liverpool T. M. 
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2871. A quadruple integral 

The analysis contained in this note was suggested by Mr. H. G. 
Apsimon’s Note 2754 in the Gazette of February, 1958. I found his 
work somewhat tedious to check, and, in particular, the amount of 
calculation necessary to pass from one side of his fourth equality 
sign to the other seemed rather grim. Accordingly I endeavoured 
to simplify his work, and I discovered that this could be done by 
making more appeals to symmetry than he did; I then noticed that 
the modified procedure was effective in solving a slightly more 
general problem, and it is this problem which I now proceed to 
attack. If my work looks substantially longer than Mr. Apsimon’s, 
it is because I have endeavoured to set it out in such a form that it 
ean be followed with a minimum of written verification on the part 
of the reader. 

Let n be an arbitrary positive number, not necessarily an integer, 
and let P and Q be two points taken at random on the area bounded 
by a circle of radius a. The problem is to determine the mean value 
of the nth power of the distance PQ, say M( PQ"); Mr. Apsimon’s 
problem is the special case n = 1. We take the centre of the circle 
as origin and let the polar coordinates of P and Q be (r, 6) and (p, ¢), 
so that we evidently have 


M(PQ") 
l ara 
{r? — 2rp cos (6 — ¢) + p*}!"rp dp dr dg dO; 


the continuity of the integrand (with n positive) throughout the 
domain of integration permits us to effect the four integrations 
in any order which we find convenient. We first replace ¢ by 
a new variable y, defined as ¢ — 6, so that the y-limits of inte- 
gration are — 6,2 — 6); and the periodicity in of the 
integrand permits us to change these to (—7z, 7). The 6-integration 
can then be effected at once, and we get 


2 afa 
M( PQ") = =| { ; {r? — 2rp cos yp + p*}#"rp dp dr dy. 


In place of Mr. Apsimon’s next step, which is to evaluate the 
indefinite integral 


[Ive — 2rp cos py + p*)rpdp dr, 


we proceed as follows: in the integral 


arpa 
(r? — 2rp cos + dp dr 
0 Jo 


we regard r and p as abscissa and ordinate, so that the aomain of 
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integration is a square which we bisect by the diagonal joining 
(0, 0) to (a, a). The symmetry of the integrand in r and p renders 
obvious the equality of the integrals taken over each of the triangles 
into which the square has been divided. Hence 


afa 
(r? — 2rp cos yp + p?)#"rp dp dr 
o Jo 


afr 
= 2{ | (r? — 2rp cos p + p*)i*rpdpdr 
0 Jo 


al 
= { (1 — 2t cos p + dt dr 
0 J0 


2a"t4 


~n+4 


1 
[ (1 — 2t cos py + #)*"t dt; 
0 


the third of these four expressions is obtained by writing rt in place 
of p. We thus have 


n 


4da 1 
in 
M( PQ") = 2t cos yp + dt dy 


We now make a digression in order to evaluate M(PQ) by 
elementary methods and so to obtain Mr. Apsimon’s results. In 
place of ¢ we take a new variable u defined by the formula 


t = cos + sin y sinh u, 


and then, for positive values of y, we have 
[va — 2t cos y + t?). t dt 
== sin? [cosh# u(cos y +- sin py sinh u) du 


sin? 


= (8u cos + 3 sinh cosh u cos py + 2 cosh® sin 


At the lower limit of integration (tf = 0) we have 
sinh u = —cot y, cosh u = cosec y, u = log tan $y, 
while at the upper limit we have 
sinh u = tan}y, cothu=sec}y, u = log (sec fy + tan $y); 


and hence 


1 
6 4/(1 — 2t cos p + t*) .t dt = 3 sin? y cos y log (1 + cosec $y) 
0 
+ sin® $y(24 cos? }y + 4) + 3 cos? py — 2. 
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Consequently 
7 fl 
[ via — 2000s y -tatdy 
fl 
— 2tcos yp + @)tdtdy 
0 


[e sin? y cos log (1 cosec $y) 


+ sin® }y(24 cos? y + 4) + (3 cos? yp — 2)} dy 
and, to evaluate the last integral, we observe that 


fs sin? y cos p log (1 + cosec 4y) dy 


== sin’ log (1 + cosee + [sine y(1 — sin $y) dy 
so that 


” 1 
sf —2t008 y + .tdtdy 
0 


= [tine $y(24 cos? + 4 — 4 cos* fy) + 2 cos* y — 1} dy 


= sin }y(4 + 16 cos? }y — 20 cos! $y) dy = 32/3. 
0 


Hence we have 
4a .32 


in accordance with Mr. Apsimon’s result. 

We now return to the general problem with » merely restricted 
to be positive, and rather more advanced methods (including an 
application of the Gaussian formula for the sum of a hypergeometric 
series with last element unity in terms of Gamma functions) seem 
to be advisable. With the Continental notation for binomial 
coefficients we have 


M(PQ") = (1 — — te-ivyine dt dy 


n(n + 4)J_, 
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When we perform the y-integration on the double series on 
the right, the only terms which survive are those for which k = m. 
We consequently have 


n 


F(—4n, —4n; 2; 1) 


T(2)P(2 + n) 


so that finally 
2T(2 + n)a" 


This result is, of course, in agreement with the result already 
obtained for the special case n = 1. It may also be mentioned that 
it shews that M(PQ") is a rational multiple of a" when n is an even 
integer and that it is a rational multiple of a"/7 when n is an odd 
integer. Further, an application of Stirling’s theorem shews that 
the limit of 

M(PQ")y/ (27°) 
(2a") 


when n tends to infinity is equal to 32. 


46, Warwick New Road G. N. Watson 
Leamington, Warwickshire 


2872. A construction for the graphical solution of spherical triangles 

The geometrical construction described in this note is sufficient 
to deal with the usual problems in spherical trigonometry, though 
it was developed only to deal with those solutions of the astro- 
nomical triangle which are of interest to the surveyor or navigator. 
In extending the method to cover general problems of spherical 
trigonometry, it is necessary to deal with some cases by using the 
polar triangle. 

In other graphical methods the construction sometimes becomes 
impossible or impracticable because the intersections of lines occur 
at points remote from the main diagram, and one of the merits 
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of this method is that this disadvantage seldom occurs. Further- 
more, the method is relatively simple and easy to remember. In 
the astronomical applications, for example, the latitude of the 
observer and the declination of the celestial body are drawn in their 
normal directions relative to the poles and the equator. 


\ 
\ & 


To) 
* 
\ 


Fig. 1 


General Description 


In Fig. 1, (a) is the graphical representation, in the plane OAB, 
of the spherical triangle OA BC shown at (b). The main circular are 
PSZM, whose centre is O, may have any convenient radius, bearing 
in mind that for greatest accuracy, this radius should be as large 
as practicable. With reference to the two axes OX and OY, the 
lines OS and OZ are drawn such that they make angles of b and c 
with the Y axis. A perpendicular ST is drawn onto the Y axis 
to cut this axis at 7. With centre 7’, a circular are of radius 7'S 


LR | 
| 
/ | \ 
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4 \ 
ck: 
B 
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is described, and a line 7R drawn to make an angle A with 7S 
(R being on this are). A perpendicular from R onto the line 7S 
gives the point U, which may be seen to be the projection of the 
point C onto the plane containing the points A, B, and O (the centre 
of the sphere). 

The line UVM is drawn perpendicular to OZ to cut OZ at V 
and the main circular arc at M. The angle ZOM is the angle a, 
since M is the rabatted position of the point ¢ about OZ onto the 
plane containing the points O, P, and Z, or in Fig. 1(b), the points 
O, A, and B. 

The angle B is found by the intersection of an are of centre V 
and radius VM, with a line through U parallel to OZ. If these 
intersect at N, the angle UVN is the angle B. This may be seen 
to be the case, since the point C is rabatted about the line UVM 
onto the plane containing O, P, and Z. 

Thus the only quantity not shown in the diagram is the angle at 
C, which from the astronomical point of view is the least important. 
If this angle is required, it may, however, be found by reversing the 
values of b and c in the diagram. 


Construction for Specific Problems 


1. Given Three Sides. 

Draw the lines OS, OZ, and OM at the given angles a, b, and c 
as in Fig. 1. Draw ST’ parallel to the X axis to cut the Y axis at 7’. 
Through M draw MVU perpendicular to OZ to cut OZ at V and 
ST at U. Describe an are through S with centre 7’, and erect a 
perpendicular from U to cut this arc at R. The angle STR is one 
of the unknown angles—-that at A. With centre V and radius 
VM, describe an are to cut a line through U parallel to OZ at N. 
The angle UVN is the angle B. If the remaining angle is required, 
it m: y be found by interchanging the sides b and c. 

2. Given Two Sides and the Included Angle 

(a) Given b, c, and A. 

Draw OS and OZ making angles } and ¢c with the Y axis. Draw 
ST parallel to the X axis to cut the Y axis at 7, and describe an 
are with centre 7' and radius TS. Draw 7R such that the angle 
STR is equal to the given angle A and from R, on the are just 
drawn, drop a perpendicular RU onto TS to cut TS at U. Through 
U draw a line UVM perpendicular to OZ to cut OZ at V and the 
main circle at M. The angle ZOM gives the unknown side a, and 
the angle B may be obtained as in the previous case. 

(b) Given c, a, and B. 

From the given angles c and a, the lines OZ and OM may be 
drawn to give the points Z and M on the main circle. Drop a 
perpendicular from M onto OZ to cut OZ at V. Draw a line through 
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V making an angle B with MV produced, and with centre V and 
radius VM, describe an are to cut the line just drawn at NV. The 
point U may be located by the intersection of a line through NV 
parallel to OZ and the line MV produced. S and R may now be 
found and therefore the values b and A. 

3. Given Two Sides and an Angle Not Included 

Let the given values be a, b, and A. From these it will be seen 
that the lines OS, TS, and RU may be drawn. The point U’ may 


Fig. 2 


therefore be established from b and A. Join OU and draw through 
O and U lines OQ and UQ such that the angles UOQ and OUQ are 
each equal to the given angle a (Fig. 2). With centre @ and radius 
QO, describe a circle and let this cut the main circle at M. In any 
soluble case there will, in general, be two points M, which give the 
two possible solutions. Join UM and draw OZ perpendicular to 
UM to give the value of the unknown side c. For other values one 
should proceed as in the previous cases. 

Any cases not dealt with may be solved by using the polar 
triangle and solving by one of the above methods. 
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Uses in Surveying and Navigation 

The surveyor and navigator use astronomical observations in 
order to determine their positions. In addition, the surveyor uses 
them to find the azimuth of a line in his survey relative to True 
North. For both these purposes a graphical method is not in itself 
of sufficient accuracy for most purposes; but it is very suitable for 
selecting satisfactory stars for observation, and for checking the 
results of calculations. Also, when approximate values are required, 
a graphical method will save time. 

Consider the selection of a star for a particular observation 
It may be required, for example, to choose some star whose altitude 
and azimuth will approximate to certain values at a particular time. 
From the assumed position of the observer, it is possible by the 
method described under 2(b), in which a, B, and ¢ are given, to 
find the right ascension and declination of an ideal star for the 
purpose. It is then a simple matter to select from the almanac, 
a star which conforms most nearly to the ideal. 

Having selected the star, it might be necessary to find the time 
when the star has a given altitude, as would be the case if one were 
using a prismatic astrolabe. In this case the problem could be 
solved by the method described under 1, in which three sides are 
given and the angle A is required. 

For the checking of calculations, methods 1, 2, and 3 may be used 
as appropriate. 

Other Applications 


The method may be applied in a certain architectural problem, 
where it is necessary to design rooms or buildings to allow a maxi- 
mum or minimum amount of direct sunlight to enter. For a given 
latitude, the position of the sun will vary throughout the day and, 
due to the changing declination of the sun, will differ in each month. 
Diagrams may be prepared to show the variation of altitude and 
azimuth, and these can then be used in the design of balconies, 
verandahs etc. 

The times of rising or setting of the sun or a star, the duration 
of twilight, and similar information may be obtained from the dia- 
gram. 

For educational purposes, two basic spherical trigonometrical 
formulae may be derived from the diagram. The length RU on 
the diagram is equal to the length NU, since both represent the 
perpendicular distance from the point C onto the plane OAB. 
One of these lengths is equal to sin b . sin A and the other is equal to 
sina .sin B (if the radius of the sphere is taken as unity). From 
these 


sin a sin b 
sn A sinB 
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and by a rearrangement of 6 and c, 
sina sine 
sinA  sinC€ 


Also, the length OV = cosa and, by projecting the point 7 onto 
the line OV, OV = OT cosc + TU sine. Hence, cosa = cosb 
cos c + sin 6 sinc cos A. 


Summary 


This construction provides a means of representing the three- 
dimensional spherical triangle by a diagram in one plane. The 
diagram is made simple by choosing as a datum plane one which 
includes two of the apices of the triangle and the centre of the 
sphere. The third apex is rabatted into the datum plane in various 
ways to show the values of all except one of the quantities of the 
triangle; though this remaining one may be found when necessary. 

Some of the possible applications of the method have been indi- 
cated. It cannot replace the solution of spherical triangles by 
calculation when accuracy is necessary, but where this is not of 
primary importance, it can save a great amount of time. 

D. Gapp 


2873. The inextensible string 


In classical Mechanics, certain idealizations are continually 
being made: the rigid body, the elastic billiard-ball, the particle 
of mass 500 tons (on a railway-track) are cases in point, to say 
nothing of the various ad hoc methods used to deal with dissipative 
forces. One of these idealizations is the inextensible string. In 
steady motion this causes no difficulty; it is simply equivalent to 
the geometrical condition that the velocities of the particles at its 
two ends, resolved along the string, are equal. In impulsive motion, 
however, the problem is more difficult, and Mr. D. C. Cross of 
Wolverhampton and others have drawn attention to some of the 
questions involved. They might with profit be discussed at sixth- 
form level, as they throw some light on the nature of Applied 
Mathematics and the assumptions made by Newton and Routh. 
The whole question was discussed at some length a few years ago 
by Prof. A. G. Walker in a paper to the Edinburgh Mathematical 
Society—Edinburgh Mathematical Notes, No. 33—from which 
many of the following ideas are taken. 

It will be sufficient to discuss two simple problems. (i) Two equal 
particles of mass m, connected by a light extensible string, rest in 
contact on a smooth horizontal table. They are projected away 
from each other with equal and opposite velocities v. What happens 
when the string becomes taut? 

The usual answer is to say that since the momenta are equal and 
opposite initially, the total momentum is zero throughout; since 
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in addition the velocities along the string after the impulse must be 
the same, these velocities are zero, and the particles come to rest. 
In this case what has happened to the energy mv"? We hasten to 
say that it has been lost in heat, sound, and fury. But a very fine 
thread seems to have been sufficient to absorb it all. If the string 
were really inextensible, the tension could have done no work, 
having moved its point of application through zero distance. The 
string must therefore be slightly extensible (or, of course, and perhaps 
more likely, the bodies attached must be slightly deformable). 
We are thus led to conceive of the inextensible string under impulsive 
tension as an elastic string with a very large modulus of elasticity. 
But if so, the energy will be conserved and the geometrical condition 
will not hold; the particles are reflected and return to the centre. 
What will happen in practice is likely to be something between the 
two; it all depends on the nature of the string, but experience 
suggests that with actual strings the second alternative is nearer 
to the facts. The problem of course is similar to that of the in- 
compressible sphere: the really hard billiard-ball is the most 
perfectly elastic. 

The incompatibility of the usual assumptions about impulses 
and strict inextensibility is brought out clearly by the second 
problem, which we now discuss. 

(ii) The same two particles are at rest with the string taut. An 
impulse P is applied to one of them in a direction directly away 
from the other. Discuss the motion. 

This problem is treated fully by Prof. Walker, and we shall 
merely summarize his results. If the string is treated as elastic, 
with modulus 2, and the impulse acts for a very short time 7, 
then the answer depends on the value of VA. If rVA— cw, then 
the geometrical condition holds, and both particles have a velocity 
P/2m. On the other hand, if +VA— 0, the effect is the same as if 
the first particle were projected with velocity P/m before the string 
became taut, i.e. it is reduced to rest, the second particle starts 
with velocity P/m, and energy (after the initial motion) is conserved. 
Since the usual assumptions are that t-»+0 and 4 —> oo, they are 
clearly consistent with either extreme or any intermediate be- 
haviour. It is really purely arbitrary to decide in favour of the 
geometrical condition, and Prof. Walker in his paper suggested 
that experimental facts were more in accordance with the second 
alternative. 

Mr. Cross suggests that a coefficient of extensibility is needed on 
the lines of Newton’s experimental law, but physical evidence 
would seem to be insufficient to warrant such an additional com- 
plication in what are essentially ‘‘students’ exercises.” 


H. Martyn Cunpy 
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43. Notes on force, power and gravitational units 


Force 


It is a curious fact that writers and examiners of applied mathe- 
matics never seem satisfied with the stock of words available to 
describe a force, and are always trying to enlarge it, in order, 
presumably, to increase the bewilderment of students! 

One would imagine that the following 16 words would be sufficient 
to provide the various types of force with every necessary nuance 
of interpretation, namely: 


force, weight, tension, thrust, reaction, resistance, 
friction, (viscous) drag, load, effort, pull, push, 
attraction, repulsion, upthrust and lift, 


to which might possibly be added ‘action’ in the statement of 
Newton’s third law, (though it could be claimed that, as used here, 
the word ought to embrace impulse as well as force). 

The 16 words mentioned are, however, all valid alternative names 
for force in appropriate circumstances, and they can all, at times, 
legitimately be substituted for ‘force’ in a statement such as ‘the 
force is 100 poundals.’ 

There are, however, certain other words often thoughtlessly used 
as synonyms of ‘force’ which should certainly not be so employed, 
and when there is such a wealth of legitimate terms to choose from, 
the confusion which this laxity causes can and should be avoided, 
The words which come to mind are 


1. pressure, 2. stress, 3. strain, 4. compression, 5. shear, 
6. blow or jerk. 


1. The misuse of ‘pressure’ is the most serious of these solecisms, 
though the warning about this is less necessary than it would have 
been a few years ago, when pupils were continually being asked to 
find ‘the pressures between the rod and its supports’ or ‘the pressure 
between the cylinder and the wall.’ (I wonder what examiners used 
to do when a candidate gave the correct answer—infinity?) Many 
textbooks, however, are still in use which confuse the vector quantity, 
force, dimensions M L T~?, with the scalar quantity, pressure, dimen- 
sions M L-! T-?. 

2. A stress, also, is a force per unit area of application, and this 
distinction is vital in defining the elastic moduli. Yet a force diagram 
(as in Bow’s notation questions) is usually called a stress diagram, 
to conform with the unfortunate usage prevalent in engineering, 
while other writers do not realize that the shearing stress in a beam 
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is not the same thing as the shearing force, and examiners still ask 
candidates to find stresses in rods without giving them the cross- 
section areas. This is an example of the lack of coordination at the 
school level between the languages of mathematics and physics which 
is helpful to neither subject. 

3. The misuse here occurs particularly in the expression “breaking 
strain’ instead of ‘breaking load.’ Strain, of course, is a dimensionless 
number which measures the ratio of the total change to the total 
amount of a quantity (usually length or volume). 

This observation, however, raises another interesting point 
about nomenclature in elasticity theory, where school mathematics 
could avoid unnecessary conflict by adopting the better terminology 
already current in physics. With a helical spring (or elastic string), 
the word ‘extension’ should surely be restricted to mean the increase 
in length, and not used (as, e.g., in Ramsey Statics) for the ratio 
of this increase to the unstretched length. As we have seen, the 
perfectly satisfactory word ‘strain,’ which boys will inevitably be 
meeting elsewhere, is already in use for this ratio. ‘Extension’ can 
then be reserved for ‘increase in length,’ a meaning which conflicts 
less with the word’s colloquial use. Also, the expression for the 
work done in stretching a helical spring can then be summed up as 


(mean of initial and final tensions) extension. 


The elastic law will therefore appear in one of 3 guises. 
(a) A simple statement for very elementary work: 


tension oc extension; 


(the original ‘ut tensio, sic vis’). 
(b) The standard form for school mathematics: 


tension © strain, 


the constant of proportionality being the modulus of the spring or 
elastic string, of dimensions M L T-?. 
(c) The standard form for physics or for mathematical elasticity 
theory: 

stress oc strain, 


the constant of proportionality being one of the elastic moduli of the 
material, according to the type of strain envisaged, all of dimensions 
ML 

4. The word ‘compression’ should then bear the same relation to 
‘extension’ as the word ‘retardation’ does to ‘acceleration.’ It is, 
strictly speaking, a superfluous term, but it is nevertheless some- 
times convenient to be able to refer to a compression of 3 cm rather 
than an extension of —3 cm. It is also quite sensible to say that 
when a beam undergoes lateral deflexion, the extension of the outer 
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parts of the beam and the compression of the inner parts produce 
forces which supply the bending moment at each point. It seems 
most illogical, however, to use the word to mean force, and to speak 
of subjecting something to a compression of 10° dynes, or to say 
that a girder must be able to withstand a compression of | ton wt. 
‘Compressive force,’ or often just ‘thrust,’ would be a suitable 
description in these cases. 

5. The misuse of ‘shear’ is perhaps not so serious, but care should 
be exercised in using this word as a short version of ‘shearing force,’ 
since it is often used also as a contraction for ‘angle of shear’ in the 
treatment of the modulus of rigidity and in similar problems. 

6. If used at all, ‘blow’ and ‘jerk’ are best reserved as picturesque 
descriptions of an impulse rather than a force, and so statements 
such as ‘let the blow give the sphere an acceleration f’ are better 
avoided. 


Power 


This is another mechanics term which merits discussion. The 
name ‘power’ has never seemed to the writer to have been a very 
happy choice, as this word does not readily suggest a rate of working, 
and it could, without stretching its colloquial meanings any further, 
have equally well been used as ‘capacity for doing work.’ Indeed, in 
ordinary speech, it is used almost indiscriminately with its technical 
meaning and as a synonym of energy (e.g. the amount of electric 
power supplied by a generating station). Similarly, to most people, 
a powerful machine means one which is capable of doing large 
amounts of work, or rather one which can exert a large force, and this 
does not necessarily mean that the machine works at a high rate. It is 
this fact, doubtless, which causes students to forget the distinction 
between power and energy. 

Fortunately, there is another and better word available to describe 
the concept, though it is little used at present. If a force F moves its 
point of application with a velocity v, the rate of working of the 
force, measured by the scalar product F . v, is called the activity of 
the force. All that is necessary, therefore, is to abandon the term 
‘power,’ and extend the use of the word ‘activity’ to refer to any 
rate of working, by speaking of the activity of a machine, instead 
of its power, by regarding the watt as a unit of activity, and so on. 

The particular use of ‘power’ in the unit ‘horse-power’ is admittedly 
less ambiguous, but since James Watt fixed the value of this unit 
after one of the most delightfully inexact ‘experiments’ in the 

1 Some heav, Jray horses belonging to a brewery were made to raise loads 
of 1001b.wt. from the bottom of a deep well, by pulling horizontally on a rope 
passing over a pulley. Watt found that they could do this at about 2} mph. 
For no very precise reason, he then increased the calculated result by 50% to 
compensate for the losses due to friction (presumably estimating this to 1 


significant figure). Finally, with a quite unwarranted optimism as to the 
potential accuracy of this experiment, he left 2 significant figures in his answer! 
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history of science, this argument is not a compelling reason for 
retaining the word ‘power’ in our vocabulary. It is, however, too 
much to hope that this quaint but well-loved unit will be ignored 
by mathematicians, (and it is freely admitted that 550 x 3 does 
cancel very nicely!) But at least it is pleasant to look forward to the 
possibility of reading solutions which say 
activity = 10 h.p., 

instead of having to tolerate those which claim that 

horse-power = 10 h.p. 
(This benefit will, of course, be nullified when some genius comes 
along and renames Mr. Watt’s unit the horse-activity!) 

It should be noticed how much more vividly the word ‘activity’ 
suggests a rate of working than ‘power’ does. Many scientific terms 
have been obtained by appropriating words already in existence in 
the language, so some conflict usually arises between their two inter- 
pretations, and there are limits to the concessions which can be made. 
But, ideally, the principle of selection should be that the word’s 
ordinary meanings should either be so vague that the grafting on of 
an additional technical meaning causes no trouble, or else so nearly 
precise, that the scientific definition merely gives a quantitative 
measurement to what would otherwise have been only a qualitative 
comparison. Words like ‘power’, ‘pressure’, ‘stress’, however, which 
are equivocal, were not good choices for mathematical names. 
Gravitational Units 

Although, largely owing to the efforts of this Association, most 
writers and examiners have been persuaded to measure loads, 
tensions, etc. in the correct units of lb.wt. and g.wt., there is still 
one type of force, namely weight itself, which has not received the 
benefit of this precision. Even those who are careful always to write 
‘the resistance is 5 lb.wt.’ still allow ‘the weight is 5 |b.’ 

Now it may seem pedantic to write ‘the weight is 5 lb.wt.,’ and 
yet a little consideration will show that the other alternative can not 
be satisfactorily defended. For, we try to convince our students of 
the need to distinguish carefully between mass and weight and to 
measure masses and forces in the correct units. And then, although 
they have been taught that the weight of a body is defined as ‘the 
force with which ...,’ they are presented in their textbooks and exam 
papers with forces (weights) measured in units of mass (lb. & g.). 
There is certainly no justification for this inconsistency, however 
expedient it may seem to a more mature mind.* 

2 The ingenious convention of writing b. (with a capital L) for lb.wt. does 
not commend itself for use in schools. Another notation, however, has been 

roposed, which is worthy of more serious consideration. This employs bm. 


and Ibf. for pound mass and pound force respectively, and gm. and gf. for gram 
mass and gram force. 
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Also, there are regrettably few writers and examiners who use 
correct gravitational units for derived quantities. Textbooks are 
still being written in which work and energy are measured in units of 
ft.lb. and em.g., which presumably refer to some mythical quantity of 
dimensions M L, but certainly not to work and energy. The units of 
impulse and momentum, (if mentioned at all!), appear as sec.lb. and 
see.g. (or, even less happily, as lb.sec. and g.sec.) which would only 
be sensible if these quantities were of dimensions MT. [It is, inciden- 
tally, a revealing observation that we are prepared to write 3 letters 
(sec.) where | letter (s.) would be quite adequate, yet are not willing 
to insert the 2 essential letters (wt.) in these compound units, viz. 
s.lb.wt. and s.g.wt.] Similarly, it is still, with very few exceptions, 
current practice to measure the moments of forces (gravitationally) 
in lb.ft. and g.cm. instead of lb.wt.ft. and g.wt.em. 

A bright student, of course, will understand the concepts well 
enough not to be worried by these discrepancies, but an average 
pupil could be forgiven for believing that we are insincere in making 
a fuss about the distinction between mass and weight? or about 
the correct units in which to measure mass and force, when we 
display such a lack of faith in our professed dogmas. 

Furthermore, in mechanics, and science generally, a scrupulous 
care over the dimensions of quantities and their associated units 
is a great help towards appreciating the réles which the quantities 
themselves play, and the significance each has for the development 
of the subject. 


Hymers College, Hull Roger F, WHEELER 


Editorial note. In the recent American text book Physics, by Elliott 
and Wilcox, Horse-power is defined as a ratio, i.e. the dimensionless 
.. Rate of working 
quantity 
550 ft.lb.wt./sec. 
sensible and historically sound. 


,or the specific activity, which seems both 


H. M.C. 


% Just as they must also be excused for thinking that there is really no 
difference between speed and velocity after they have read about those clever 
particles which manage to describe circles with constant velocity, v! In this 
case, hewever, they have probably already given up trying to distinguish 
between these particular concepts after hearing us repeatedly talk about 
‘angular velocity,’ when, (had we wished to be helpful), we should have been 
saying ‘angular speed;’ for, in school mathematics, where the only rotations 
normally considered are confined to one plane, this quantity behaves like a 
scalar, and so its vectorial status is better concealed until it can be properly 
appreciated. 
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44. The teaching of logarithms 


Usually this subject is taught after the treatment of fractional 
indices. This line of approach suffers from a number of difficulties. 
In the first place, logarithms are usually infinitely long decimals, 
and in the extension from rational fractions (indices) to logarithms 
of the general kind, little or nothing is said, or even can be said, 
about the extension to irrational indices which now becomes necess- 
ary. Secondly, how many pupils really understand fractional indices 
of the type p/q! Thirdly, the traditional method appears completely 
incapable of showing some way by which logarithmic tables can be 
constructed; and in this respect it suffers as compared with the 
teaching of elementary Trigonometry, in which the pupil can, by 
careful drawing, obtain a rough table of sines etc. for himself. 
The question we are going to ask therefore is: Can we approach 
the subject of logarithms in such a way that these difficulties can 
be overcome, however crudely’? I hope to show that we can. 

Let us suppose that we want to multiply any two members of 
the natural sequence of numbers 


1, 2, 3, 4, 5, ... 


This process is simple provided that the two numbers to be multi- 
plied are small; but once they become large the process (a) becomes 
tedious, and (b) is liable to error of the type 8 « 4 = 36. The 
question we have to answer, then, is this: Can we replace multi- 
plication by addition? If so we shall require another set of numbers 
a, b,c, ... such that, if, for example, we multiply 3 by 5 in the upper 
of the two following sets 


1, 4, 5, 6, 7, 8, ... 1406, 
a, b, c, d,e, f, g, h,...P, 


we must add the corresponding members of the lower set. Thus 


corresponds to c+e=gq. 


If now we can find a set of arithmetical values for the numbers 
a, b, c, ... our immediate aim has been accomplished. When these 
have been found we shall call them the logarithms of the corre- 
sponding members of the upper set. 

Let us suppose then that we can put 6 = 1, and see what happens. 
From the very method of presentation we have at once that 


2x2=4 


leads to 1+] =2, 
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and as the number under 4 is d, it follows that d = 2. In the same 
way we can write 3 for A, 4 for r, and so on. We need one other 
number, the value of a. Here, we see that since 


Ix2= 
then a+l1l=1 


so that a = 0. 

The next question is: How can we find the other numbers, 
c, e, f, ete.? To do this we draw a graph, in which the upper set is 
placed along the horizontal axis, and the lower set along the vertical 
axis. (Here, especially for younger pupils, a little subterfuge is 
resorted to. Since log 2 = -30 to within 4% error, we take 1 cm. 
along Ox to represent | and 3 em. along the vertical axis to represent 
1.) The graph thus obtained is of course the log curve, and since 
we have employed a scale in which log 2 = 3 divisions on Oy, 
it follows that (very approximately) log 10 = 10 divisions. It is 
now explained that, since the numbers of both sets have really 
been translated into geometry, the principle of addition for multi- 
plication still holds if some other scale is used for measuring the 
vertical distances. With a little prompting the pupils see that the 
graph passes (very nearly) through the top right-hand corner of the 
10th square along and the 10th square up. It should therefore be 
advantageous to re-seale vertical distances in terms of 1 for 10 
along the z-axis. The pupil is now able to write down, correct to 
two places of decimals, the logarithms of all the integers up to 16 
or more according to the size of graph paper used; and are, in 
fact, made to draw up a table as follows 


Number Log 
1 0 
2 30 
3 48 
4 -60 
5 -70 ete. 


as far as the graph paper will allow; and some simple exercises 
are performed from these numbers. The logs thus found are also 
compared with the numbers listed in properly prepared tables of 


logs. 


Two problems now remain to be answered: (1) How can we obtain 
the logarithm of a number of » digits? and (2) How can we obtain 
the logarithm of a number which is wholly decimal? 

(1) From the definition originally laid down, we have 


20 = 10 x 2 
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leads to log 20 = log 10 + log 2; 

and from the revised scale this, in turn, leads to 
log 20 = 1 + -30 = 1-30 

Similarly log 200 = 2 + -30 = 2-30 ete. 


Thus, for a number of n digits, the rule is: Find the decimal part 
from the tables, and put in front a whole number equal to n — 1. 
(2) Again from the definition 


2=>2—10 
leads to log -2 = -30 — 1, written 1:3; 
and similarly log -02 = 2-30, ete. 


Thus, for a number which is wholly decimal the rule is that the whole 
number part is the number of zeros before the first non-zero digit 
in the decimal increased by 1, with of course a bar. 

From this stage on the subject is treated on more or less traditional 
lines. 


In approaching this subject for the first time, great accuracy is 
not aimed at, but rather the establishment of the principle of 
addition-for-multiplication. If, however, greater accuracy is 
desired, further points can be obtained on the graph by noting that 
the graph passes through the top right-hand corner of the 15th 
square up for the number 32, the 18th square for 64, etc. These 
points, on the revised scale give 


log 32 = 1-5 
log 64 = 1:8, ete 
so that log 3:2 = °5, 


These results can now be used to plot more points on the original 
graph, should that be desired. 

E. J. Hopkins 
30 Merton Rd., S. Harrow 


45. The condition for a pair of straight lines 

In Class Room Note 7 the general equation of the chord of a 
conic with the given mid point P,, namely S, — S,, = 0, was obtained 
(q.v. Note 24 and the M.A. report on Higher Geometry §8.72 for 
interesting alternative methods), but no mention was made of the 
restriction that S, — S,, is not identically zero. If it is identically 
zero, the mid point of the chord is the centre of the conic and so the 
chord is indeterminate. A consideration of this leads to the following 
results. 


298 THE MATHEMATICAL GAZETTE 


If two distinct chords of S = 0 have a common mid point P, 
then for both S, — S,, = 0, therefore S, — S,, = 0, so the coefficients 
of x and y are zero, that is ax, -+- hy, + g = Oand hz, + by, + f=0, 
the usual equations for determining the centre of the conic. 

For a pair of straight lines the ceatre lies on the conic therefore 
S,, = 0 but S, — S,, = 0 whence S, = 0 and so giving gx, + fy, + 
c = 0 as well as the two above equations for (x,, y,). Eliminating 
x, and y, from the three equations the condition for a pair of straight 
lines is obtained immediately in the determinant form. 


A. L. Davies 
Ratcliffe College 


46. Two equal angular bisectors determine an isosceles triangle 
The usual proof is by that of “exhaustion.” The outline of a 
direct proof may be sought from the following:— 
In the accompanying diagram, BD, CE are two equal angular 
bisectors of triangle A BC, meeting at J. With the notation in the 
diagram. 


(1) construct LK such that EK = BC and b, = b, = 6). Then 
the triangles CBD, EKC are congruent (SAS). Therefore 


(2) 4 is an exterior angle of triangle I DC. 


t=c,+d=c,+ 2) = BCK 
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Again, i is an exterior angle of triangle BEI. 
i=y+b,=y+6,= BEK 
From (a) and (b) / BCK = / BEK 


(3) Drop perpendiculars KH, BL to AB and KC produced 
respectively. Then triangles KEH, BCL are congruent (AAS) 
(p = q). Hence 

HK = BL, and HE = LC iS 

(4) Join BK. Triangles BKH, BKL may be proved congruent 
(RHS). 

HB=KL 


The opposite sides of BLKH are equal and therefore BLKH is 
a parallelogram. That is BE//CkK. 
(5) On taking the difference of (¢) and (d), BE = CK. Therefore 
BCKE is a parallelogram. 
ie. BK//BC. 
(6) b, and c, are alternate angles, and since EK is parallel to BC, 
bg = Cy 
or /0 


Hence A BC is isosceles. 


Note: It is easily seen that E, D, K should be collinear. 
8. L. Ho 
Victoria Technical School, Hong Kong 


47. A discontinuous function 


The student who is introduced to discontinuous functions by 
means of examples like 


f(x) =2 ife<0, fiz) =1+27 


sometimes protests that really two functions are involved. Since 
the idea seems to die hard that a function must be represented by 
a single formula, I find it helps to discuss the function 
f(x) = lim (1 + n-*)"* 
for which 
lim f(z) =1, f(0)=2, lim f(x) =e. 


This example also illustrates the facts that (i) the limit of a 
sequence of continuous functions need not be continuous (if 
f,(x) = (1 + n-*)™ then the convergence to f(x) is non-uniform 
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near the origin) and (ii) reversal of the order of limiting operations 
is not always permissible. for 


lim lim f,,(z) # lim lim f(z). 


University College, Swansea J. G. BRENNAN 


48. Approximate construction for an ellipse with axes of given 
length 


Through C, a corner of the circumscribing rectangle, draw CX Y 
at an angle of 45° to the axes. 

Draw CLPM to touch the circle whose centre lies on XY and 
which touches the axes. 


8 


Xs\ /L A 
Y P 
M 


The circular ares, centres L and M, radii LA and MB, together 
give an approximation to the elliptical are AB. 

I understand that this simple construction is commonly used by 
draughtsmen. Its advantages over the orthodox constructions are 
the ease and speed with which the circular ares can be drawn. 
At the same time, for most practical purposes, it gives an acceptable 
degree of accuracy. 


149 Malvern Road, Worcester H. N. Jones 
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An Introductory Course in Pure Mathematics. By K. B. Swaine. 
Pp. 335. 15s. 1958. (Harrap) 


This is an interesting book. Continuing in the style of the author’s 
Exercises in Elementary Mathematics it compresses into three hundred 
pages the whole Sixth Form Pure Mathematics course up to 8 level 
in Mathematics for Science; and it offers the possibility of individual 
work in which the pupil discovers for himself the new techniques and 
ideas at each stage. 

It is, in fact, a sound and systematic set of class exercises. The 
methods are clear and rigorous: the logarithmic series is deduced using 
a remainder term which is shown to tend to zero; the exponential 
series is obtained by starting with the assumption, simply stated, that 
an infinite power series expansion of this function does exist. The 
sequence of the work is well planned: the general shape of the parabola, 
ellipse and hyperbola are discovered from the appropriate second degree 
equations before the conics are studied formally, using the definition 
SP/PN = constant. 

In each topic, the pupil is helped by a series of leading questions to 
discover the new fact or principle to be learned. These questions are 
well designed, each new technique being split into its separate elements. 
Pupils will need help with some of the questions; and some of them 
require oral discussion. In others, there appears to be more difficulty 
in seeing what the question is getting at than in understanding the 
point when one has seen what it is. Even so, the teacher who wants 
his pupils to have the chance to discover as much as possible for them- 
selves will find this book invaluable. To illustrate these points, I 
give a short example from the exercise introducing integration. 

(2) Sketch on the same diagram the graphs of 


y=, y=24+3, y= y=x -2. 
Verify that at points having the same z-coordinate all these curves have 
the same gradient. 
1 


(4) What is the value of the number c if the curve y = 2° — 3x + ¢ 
passes through the point (—1, 5)? 


d 
**(3) ir = 6x — — what can be said about y? 


dy 


“(5) Find an expression for y from: = = 47 —3, and y = 5 


when 2x = 3.” 


Being primarily a set of exercises, this volume contains very little 
formal bookwork, and no worked examples. These must therefore be 
provided as notes dictated by the teacher. This is a considerable handi- 
cap in a book intended for Sixth Form use. First, it is “Bookwork” 
which contains most of the real mathematics; examples provide 
illustrations of the principles and practice in using techniques, but the 
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principles are of importance in themselves and should be given due 
prominence. Secondly, pupils at this stage do make use of textbooks 
for learning up work not fully mastered in class, for reference when 
doing problems, and for revision. The ability to use books in this way 
is an aspect of the self-reliance which a student needs to develop. 
Further, if the work is all done by exercises, it is difficult for the pupil 
to know which are the important theorems or methods and which are 
just practice examples. This, and the mixing of algebra, calculus and 
pure and analytical geometry, makes it difficult for him to get a good 
understanding of what the subject is all about, or to see it as anything 
other than a vast collection of techniques. 

Nevertheless, these gaps can be partly filled by the teacher, using a 
note book. This volume is a work of thorough professional craftsman- 


ship, which teachers will welcome. 
A. W. BELL 


Say It With Figures. By Hans Zeisev. Pp. ix, 257. 21s. 1958. 
(Routledge and Kegan Paul Ltd.) 


This is the first English edition of a book which was originally pub- 
lished in America in 1947. It was written for use by persons engaged 
in social research in academic institutions and commercial research 
organisations. Any-one interested in teaching mathematics as a 
language should find this book stimulating, particularly the chapters 
dealing with percentages which are admirable: but unless such teachers 
are also interested in sociology, they are unlikely to appreciate the book 
as a whole. 

Frepa Conway 


Principles of Statistical Techniques. By P. G. Moore. Pp. viii. 
239. 22s. 6d. 1958. (C. U. P.) 


Principles of Statistical Techniques provides a general introduction 
to statistics for those who have not studied mathematics beyond 
G. C. E. ordinary level. The first chapter discusses the scope of statistics 
and its usefulness in industry and government and the second chapter 
provides some information concerning the collection of data. The 
more commonly used statistical techniques are then explained in what 
may be described as the usual order, although it is not obvious that 
such an order is the best for beginners, whether at schoo] or university. 
Is it necessary, for example, to include two-way tables in Chapter 3 
and scatter diagrams in Chapter 4, when the concepts of correlation and 
regression are not reached until Chapter 14? Also the use of birth-rates 
and death-rates in Chapter 12 hardly needs justifying by reference to 
the test criteria of the earlier chapters. 

This book differs from many elementary text-books in its treatment 
of sampling theory. Emphasis is laid upon the calculation of the proba- 
bility of a particular set of occurrences. Consequently problems of 
estimation are dealt with only in so far as they are incidental to the 
application of tests of significance and the application of these tests to 


| 

| 
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examples involving means and proportions generally requires the use 
of a table of the areas under the normal curve. The explanation of 
the use of one-tailed and two-tailed tests is particularly satisfying, 
but there is no direct reference to confidence limits or two and three 
standard error tests. 

Mr. Moore has written a most readable book and provided a large 
and interesting variety of examples. It should prove useful to all 
teachers of elementary statistics, including those who would prefer 
a different development of the subject. 

Frepa Conway 


Introduction to the Theory of Determinants and Matrices. By E. T. 
Browne Pp. 270. 60s. Od. 1958. (North Carolina University Press; 
London: Oxford University Press) 


This book is aimed at the American market and is intended primarily 
as a course of study for seniors and first-year graduate students. It 
covers the usual standard theory of finite matrices, their applications 
to algebraic forms, and, in particular, the use of invariant factors and 
elementary divisors. 

There are twenty chapters, of varying lengths. Sufficient of rings, 
fields and determinants is given in the first two chapters to enable the 
author to get on with his main topic, matrices. It would be tedious to 
enumerate the items; perhaps the following will serve to indicate the 
general scope:— linear dependence, characteristic equation, bilinear 
and quadratic forms, lambda-matrices, canonical forms, scalar poly- 
nomials in a matrix, equivalence of pairs of forms, commutative matrices. 

The arguments are well presented and the printing is good, save for 
some microscopic inferiors, notably i and j. The suffixes i and j are 
really hard to distinguish unless one’s eyesight is in the « class. 

While I could easily quarrel with some particular points and methods, 
the book as a whole seems to me a useful and workman-like account of 
this field of study. The preface is in the American idiom and grates a 
little on the English ear, but the text is in the polished, precise language 
of the skilled mathematician and that, mercifully, is the same in all 
countries. 


W. L. Ferrar 


Ordinary Level Mathematics. By L. H. Ciarke. Pp. 374. 10s. 6d. 
1958. (Heinemann) 


This book is intended for use in the last years of the O level course. 
The material is based on the traditional syllabus and is divided into 
sections on Arithmetic, Algebra and Calculus, Geometry, and Trigo- 
nometry. There is a generous amount, including Factors of Expressions 
of up to five terms, Stocks and Shares, Logarithms to any base, Inte- 
gration and the First and Second Extensions of Pythagoras, as well 
as all the usual topics. 

The author claims that the book includes the subject matter of the 
Alternative Syllabus, but the presentation is decidedly formal and 
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lacks the range of ideas and applications usually associated with the 
Alternative Syllabus. For example, although the theorem that the 
areas of similar triangles are in the ratio of the squares of their corre- 
sponding sides is proved, there is nowhere any general discussion of the 
ratios of the areas and volumes of similar figures. 

There are parallel sets of exercises on each topic, and miscellaneous 
exercises at the end of each chapter. The bookwork is similar in style 
to the author’s Notebooks in Pure and Applied Mathematics. It 
presents clear and concise instructions for performing the operations, 
and statements of the theorems, all well arranged and easy to find. 
This makes it a good revision handbook; though one wonders how 
valuable the pupil will find the information that ““A number raised to 
a negative index is the reciprocal of the same number raised to the 
corresponding positive index’’. A little algebra might have been used 
to good effect here. 

The book is very well laid out and printed; it will be a useful revision 
book to those following the traditional syllabus. 

A. W. BELL 


The Gyroscope. Theory and Applications. By J. B. Scarnoroven. 
Pp. xii, 257. $6.50. 1958. (Interscience Publishers) 


The young student of applied mathematics who can handle gyroscopic 
problems with a sure touch has the root of the matter in him; in this 
field, a too facile technique of symbolic manipulation can be dangerous 
since it may hinder genuine grasp of dynamical principles. Crabtree’s 
delightful little book, though now 50 years old, is still a sound guide. 

Professor Scarborough devotes his first 90 pages to theory; two 
chapters on vectors and the general equations of rigid dynamics are 
followed by two in which the behaviour of the gyroscope, particularly 
the free gyro and the gyro under gravity (the top) is discussed, mainly 
by the moving axes method. This is classical material, clearly and 
concisely displayed, though the stability of steady precession of a top 
receives scant attention. In the remainder of the book, we have the 
applications, principally the gyro-compass and the gyro-stabiliser in 
ships and monorail cars. Here the reader’s grasp of the first part is put 
to the real test. In dealing with the gyro-compass, he must not only see 
why the gyro axis is north-seeking, why it is stable, and how the bail 
weight (or the mercury control) acts to damp out the oscillations, he 
must also cope with a host of approximations which may well strike him 
as being bold to the verge of rashness. For many students, the algebra 
may remain unrealistic, even unconvincing, unless it is illustrated and 
backed up by numerical data obtained from a practical, working 
compass; Professor Scarborough has taken pains to supply this material, 
and his chapter VI is an admirable exposition of a tricky subject. 
The three chapters on the gyro as stabiliser are clear and efficient. 
The work on ship stabilisation is chiefly concerned with a large gyro 
acting as a direct stabiliser, and I feel that the chapter on the monorail 
car, not at this time a very realistic topic, could well have been sacrificed 
to make room for an account of the gyro as a control mechanism, 
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directing but not itself supplying the stabilising effect. Indeed, in the 
whole section on applications, more recognition of the gyro as the 
brain rather than the brawn of many modern mechanisms would have 
been welcome. Naturally, there is some recognition of this aspect in 
the book; my suggestion is that there might well have been more. 

Present-day students will thank Professor Scarborough for his good, 
clear account of a subject by no means trivial or dull; and possibly 
even Greenhill might have forgiven the absence of any serious reference 
to elliptic functions for the sake of the many clear diagrams. 


T. A. A. B. 


Quantum Mechanics (Non-Relativistic Theory.) By L. D. Lanpau 
and E. M. Lrrsurrz. Translated from the Russian by J. B. Sykes and 
J.S. Bett. Pp. 515. 80s. 1958. (Pergamon Press) 


‘Quantum mechanics’ is the third volume of a series on theoretical 
physics by Landau and Lifshitz. By restricting the book to ‘Non- 
Relativistic theory’, the authors exclude al] phenomena which “signifi- 
cantly depend on the velocity of light”. This results in the absence— 
most strange in a book which claims to display the physical significance 
of the theory—of any reference to the emission or absorption of light 
by an atomic system, Bohr’s frequency condition, and selection and 
intensity rules; surely one of the most important parts of quantum 
mechanics. Presumably these topics will be discussed in the volume on 
relativistic quantum theory. 

The book starts with a rapid introduction to operators, matrices, 
and wave functions, and their interpretation in terms of probabilities. 
After introducing the Schrédinger equation, the usual soluble cases of 
one and three dimensional motion are dealt with. There are chapters 
on angular momentum, perturbation theory, WJKB approximation, 
spin, and on identity of particles (including an account of the method of 
second quantisation). This occupies less than half of the book, the 
remainder deals with applications. The chapter titles are as follows: 
X The Atom (37 pages); XI The diatomic molecule (53 p.); XII The 
theory of symmetry (47 p.); XIII Polyatomic molecules (34 p.); 
XIV The theory of elastic collisions (37 p.); XV The theory of inelastic 
collisions (39 p.); XVI Motion in a magnetic field (16 p.); Mathematical 
appendices (20 p.). 

It is clear that this tremendous amount of material can only be 
covered in a book of this size, by the utmost brevity of presentation, 
and the omission of irrelevancies. It is unfortunate that some of the 
most interesting chapters have suffered most in the process. Thus for 
instance, in chapter XII, which discusses group theory, many of the 
important properties of group representations are simply stated, a 
derivation of the Clebsch—Gordon coefficients is only half carried out 
and is hardly intelligible as it stands. This is one of the few places 
where references are given to a more complete treatment of the omitted 
proofs. In chapter XI, in discussing the rotation vibration spectra of 
diatomic molecules, no indication is given of the approximations made — 
in sepé rating out the equation for the nuclear motion, and no references 
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are given. Any reader not already familiar with the method, is unlikely 
to understand this. Many other examples could be given. 

The book suffers also in another way from brevity, in that definitions 
of important concepts have been omitted. This is specially noticeable 
in the chapter on spin, where transformations of functions and spinors 
under rotations are considered. It is often hard to say, in this chapter, 
whether an equation is correct or incorrect (or perhaps only a definition). 
Although this does not usually lead to wrong results in the applications, 
it does not lead to a proper understanding of the theory. 

By comparison with the rest, the chapters on collision theory are 
good. A very good feature is that there are many problems with 
solutions, which illustrate and extend the main text. 

It is not easy to see for whom this book was written. Its usefulness 
would have been greatly enhanced by a more complete system of 
references, to fill the almost inevitable gaps in a book of this nature; 
and also perhaps, by a more thorough treatment of fewer topics. As it 
stands, many arguments appear rather mysterious, merely through 
lack of a little explanation. A beginner is likely to find it very 
difficult, and the presentation is unlikely to appeal to the reader 
who likes a deductive account of the theory. The large number of 
topics covered, should make it useful as a basis for preparing a course 
of lectures, or perhaps for reference. A. WEINMANN 


Programmes for an Electronic Digital Computer. 2nd Edition. By 
M. V. Wirxes, D. J. WHEELER, and 8S. Griz. Pp. 238. $6.00. 1958. 
(Addison-Wesley, Reading, Mass. U.S.A.) 


Programming for an Automatic Digital Calculator. By K. H. V. 
Boor. Pp. 238. 42s. 1958. (Sutterworths) 


Programming for an electronic computer cannot be taught in the 
abstract, and any book on programming must use the order code of some 
particular machine, either real or hypothetical. Both these books opt 
for the former alternative and refer respectively to the EDSAC(I) at’ 
the University Mathematical Laboratory, Cambridge, and the APEXC 
at Birkbeck College, London. Both these machines are one level 
storage machines, although of very different type, the EDSAC being a 
more or less conventional one-address code machine with Mercury 
delay line storage, while the APEXC is a magnetic drum machine 
employing a ‘‘l + 1” address code. 

The first edition of Dr. Wilkes’ book first appeared in 1951, and was 
probably the first book ever to be published on this subject. The new 
edition has been thoroughly revised and contains a great deal of new 
(and much needed) material about the numerical processes underlying 
many of the EDSAC programmes. There is also some account of 
programming techniques for other machines. By contrast Dr. Booth’s 
book is more closely tied to the APEXC; otherwise it covers much the 
same ground. The author includes a chapter on language translation 
which is intended to be read in conjunction with “The Mechanical 
Resolution of Linguistic Problems” by A. D. Booth, L. Brandwood, and 
J. P. Cleave (Butterworths, 1958). R. A. Brooker 
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Dynamic Programming. By Ricuarp BELLMAN. Pp. 342. 428. 1958. 
(Oxford University Press) 

Dynamic Programming is a mathematical theory of multi-stage 
decision processes, determinate or stochastic, with routines for solving 
its problems. It has been almost exclusively developed by the author 
of this book, sometimes in collaboration with his colleagues at the 
Rand Corporation, a consultant body to the U.S.A.F. The techniques 
derive from the principle of optimality: An optimal policy has the 
property that whatever the initial state and initial decisions are, the 
remaining decisions must constitute an optimal policy with regard to the 
state resulting from the first decision. This approach leads to a formu- 
lation in functional equations, and the theory is then concerned with 
elucidating the structure of the solutions. About one quarter of the 
book consists of Exercises and Research Problems, showing the wide 
scope of the theory, and its connection with other branches of 
mathematics. 

8S. Vaspa 


Contributions to the Theory of Games. Volume III. Annals of 
Mathematics Studies Number 39. Edited by M. Dresuer, A. W. 
Tucker and P. Wot¥re. (Princeton University Press) 


This is the third volume of its kind, and is of interest to those who 
wish to take the pulse of this child of mathematics and economics. It is 
still quite alive, though in the nature of things it has, apparently, not 
made so much progress recently as it used to do in its vigorous youth. 

There are altogether 23 papers, preceded by an introduction con- 
taining an excellent survey of the topics and of their place within the 
edifice of the theory. 

8S. VasDa 


Rachunek Tensorowy (Tensor Calculus). By S. Goras. Pp. 309 
30.70 zl. (Panstwowe Wyd. Naukowe, Warsaw) 


This volume is intended to meet the need for a modern textbook of 
tensor calculus in the Polish language. It concentrates on the exposition 
of the fundamentals leaving aside physical and more specialised geo- 
metrical applications of tensor methods. The book contains ten chapters 
and is divided into three parts. 

Part i is devoted to tensor algebra. All the necessary preliminaries 
can be found here in Chapters i-iii. 

Part ii deals with tensor analysis. Chapter v gradually introduces the 
absolute and covariant derivatives of geometric quantities of various 
kinds and concludes with a thorough discussion of ie A 

Part iii gives a number of illustrations of the applications of tensor 
calculus to geometrical problems. They include:— the theory of 
geodesics as a solution of the variational problem of the minimal arc 
on a surface in the Riemannian space V,; the theory of spaces V,,_, 
embedded in V,; the classical equations of Gauss, Mainardi-Codazzi 
and Frenet. 
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The author has drawn largely upon his extensive experience as a 
lecturer and research worker in this field. His book brings some new 
results and fresh methods of approach to the subject of which the 
following may be mentioned here:— equivalence of covariant and 
contravariant vectors relative to the orthogonal group of transfor- 
mations; the algebra of W- and G-densities; the Hessian of a scalar 
field; definition of the object 4, based on the solution of the system 
of linear differential equations of the form 


where y3, ¢ are any given differentiable functions of the parameter r. 

The book is well arranged and has a good index and bibliography 
at the end of the volume. The exposition is very thorough, although 
sections which lead beyond the fundamentals may present some 
difficulty to the beginner. The exclusion of examples necessitated by 
the urgency of the publication forms a serious defect of the book. 
Let it be hoped that this will be corrected in a future edition of this 
commendable textbook 

The price of the book is low, but the paper used is of rather poor 
quality. 

R. F. Matiak 


Eigenfunction Expansions associated with Second Order Differential 
Equations. Part Il. By E. C. Trrcumarsn. Pp. 404. 70s. (Clarendon 
Press, Oxford) 


The object of this book is to prove theorems on the expansion of an 
arbitrary function in terms of the eigenfunctions of the differential 
equation Ay + (A — q)y = 0, where A is Laplace’s operator in space 
of k dimensions and q is a function of position in that space. It is the 
continuation of a book of the same title which appeared in 1946 and 
which dealt with the case k = 1. The techniques used are of the same 
general character, making use of complex variable theory, but the subject 
for general k is inherently more difficult than that for k = 1. Professor 
Titchmarsh says that the book ‘“‘is the result of an attempt by an 
‘analyst’ to understand those parts of quantum mechanics which can be 
regarded as exercises in analysis.’’ That the subject has been “pursued 
without much regard for the interests of theoretical physicists” is very 
obvious; the rigorous analysis of this book involves ideas, such as 
compact sets of functions and Tauberian theorems, with which no 
physicist normally comes into contact. There is evidently no easy way 
through eigenfunction expansion theory. 

The chapters of the book number on from Part I. In chapter XI, 
the two-dimensional case is discussed, when the expansion is required 
inside a rectangle on whose boundary the eigenfunctions vanish. The 
spectrum is then discrete, and the expansion is a generalisation of an 
expansion as a double Fourier series. The extension to expansions 
valid in the whole plane follows in chapter XII; but here the spectrum 


is not necessarily discrete. Extensions of the theory, in particular to 
space of more than two dimensions, are given in chapter XIII. The 
manner of variation of the eigenvalues as g or the region is varied are 
discussed in chapter XIV. Chapter XV deals with the case when the 
variables are separable. 

The nature of the spectrum depends on the properties of the function 
q. Sufficient conditions to ensure that the spectrum is discrete are 
given in chapter XVI and theorems on the distribution of eigenvalues 
in the discrete case in chapter XVII. The expansion theorems in the 
earlier part of the book required heavy restrictions on the function to 
be expanded; these are considerably lightened in chapter XVIII when 
the spectrum is discrete and bounded below. 

Perturbation theory is discussed in chapters XIX and XX, and the 
case when q is periodic in each of its arguments is dealt with in chapter 
XXI. The book concludes with a valuable chapter containing proofs 
of theorems used in the text but having no specific connexion with 
eigenfunction theory, and a long bibliography. 

The whole work is a most important contribution to eigenfunction 
theory. 

E. T. Copson 


Mathematical Foundations of Information Theory. By A. I. Kamvcur. 
Pp. 120. 11s. 1958. (Dover publications, New York: Constable, 
London) 


Ten years ago the foundations of what is now called Information 
Theory were established in Shannon’s now famous paper on “The 
Mathematical Theory of Communication.’’ Though Shannon’s approach 
was mathematical, he was primarily and rightly concerned to demon- 
strate that the theory led to unexpected results which could be practi- 
cally applied rather than with the need to present the theory with 
mathematical rigour and completeness. Shannon’s success in his 
primary aim has since led interested mathematicians, Khinchin among 
them, to try to remedy the mathematical defects of the first presentation 
of the theory. 

The booklet under review contains translations of two of Khinchin’s 
papers from the original Russian. In the first and much shorter paper, 
on “The Entropy Concept in Probability Theory’ (1953), Khinchin 
examines the function H = — Xp, log p; applied to a finite system of 
events A,, Ay, ... A,, in which p; is the probability of the event A,. 
This function H is called the ‘entropy’ of the system and is a measure 
of the prior uncertainty associated with it. He establishes the properties 
of this function, first when it is applied to compound events and then 
when it is applied to ergodic Markov chains of events. He finally proves 
a theorem in coding theury which establishes the lower bound of the 
compression that can be achieved by coding the symbols of one finite 
signal system into those of the ‘optimum’ code. There are no new results 
here, but Khinchin’s development of his subject is both readable and 
elegant. 

The second paper, ‘On the Fundamental Theorems of Information 
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Theory” (1956), is more ambitious in scope. It is both & critical com- 
mentary on the efforts of the American mathematicians McMillan, 
Feinstein and Doob to remedy defects of Shannon’s presentation and 
is also an extension of their results. Though Khinchin’s exposition of 
his subject is excellent, and though the translation is admirable, 
readers unfamiliar with the American work would not fully appreciate 
the arguments used. 

The publishers deserve gratitude for their enterprise in making this 
interesting and important Russian mathematical work so readily 
accessible to English readers. 

B. C. BRooKEs 


Traité de Statistique théorique et appliquée: Analyse aléatoire— 
Algébre aléatoire. By Danicl Dugué. Pp. 314. 5200 fr. 1958. (Masson, 
Paris) 

Analyse aléatoire contains several limit theorems of probability 
theory, some widely known, such as the law of the iterated logarithm, 
and others unfamiliar, such as the relation between the asymptotic 
behaviour of the sample mean and extremes. This is a field to which the 
author has contributed, so that his choice of subjects is individual and 
his account authoritative. 

Algébre aléatoire is concerned with the analysis of variance and 
design of experiments, and is firmly tied to the normal distribution 
family and the properties of Galois fields, which are both described in 
detail. Here Dugué’s treatment is less original and his touch uncertain 
©.g. @ persistent reference to the distribution of the ratio of two chi- 
squared variables as the law of Behrens-Fisher-Snedecor. 

*. is hard to understand how the two parts came to be bound between 
the same covers, as they are almost completely unrelated. However, 
they are available separately at 2200 fr each. The book is printed on 
good paper but has no exercises and no index. 

R. L, PLACKETT 


Prinzipien zur Lésung mathematischer Probleme. By J. H. Weryacur. 
Pp. viii, 116. 1955. (Friedr. Vieweg & S., Braunschweig) 

This is a refreshing and beautifully produced little book in the 
tradition of Hilbert’s famous Anschauliche Geometrie. The early 
death of Pure Geometry has been often prophesied, but it lingers yet, 
because its feminine fascination captivates every true mathematician. 
The sternest analyst among us must often think in geometrical terms. 
This book gives him its blessing if he does, for the author says plainly 
“Die geometrische Ordnung ist zugleich auch die beste logische Ordnung. 
Falsch ist es und das fiihrt meist zu Weitliufigkeiten, sich einfach damit 
zu begniigen, die geometrischen Forderungen in Gleichungen nieder- 
zulegen und dann die Aufgabe durch rein algebraische formale Opera- 
tionen zu Ende fiihren zu wollen.” 

The author maintains that the solving of mathematical problems 
does not require some special genius, but is within the powers of the 
average student who pursues a logical plan. This plan is fourfold: 
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(i) understand the problem and probe the significance of its conditions; 
(ii) formulate a plan of campaign; (iii) carry your plan through in full 
detail; (iv) take a final glance both backwards and forwards. The 
greater part of the book is naturally devoted to (ii) under the heads of 
static and dynamic investigation of the figure, modification of the 
problem, and algebraic methods of solution. Much good advice is given 
in the general sections, though the author’s style here is sometimes 
rather pretentious and his German (to an English reviewer!) corre- 
spondingly involved; of greater value are the 45 examples in which the 
general principles are exemplified. Nearly all of these are geometrical, 
though some half-dozen algebraic and trigonometric examples justify 
the wider title. They range in difficulty from a simple rider on angles in 
the same segment to Apollonius’ problem of constructing a circle to 
touch three others. A rich variety of mathematical topics is discussed 
en route. Some of the most interesting examples are those to which up 
to six solutions are provided by relaxing each condition in turn and 
discussing the loci that result. 

The book is eminently suitable for a teacher with the necessary 
German who wants a collection of problems to use for revision with 
his Sixth Form. Many of the problems would be of University Scholar- 
ship standard if posed without hints; many are standard theorems 
proved by refreshingly novel heuristic methods. 

It should perhaps be pointed out (to boost the reviewer’s ego!) that 
the solution to Problem 14 (Steiner’s problem, that the pedal triangle 
has the shortest perimeter) is incomplete, since it is not stated that the 
original triangle must be acute; this is surprising with the author's 
enthusiasm for generality. There are one or two misprints in equations, 
but they are obvious. The book su‘fers from a laminated cover which 
parts company rather easily from its back; this is not serious as 
it will presumably not be used as a class-book in England, but it ought 
to be in the teacher’s bookshelf, and I hope it will be translated. 

H. Martyn Cunpy 


Finite Difference Equations. By H. Levy and F. Lzssman. Pp. 
vii, 278. 37s. 6d. 1959. (Pitman) 

The treatises of Milne-Thomson and Fort offer the English reader 
excellent accounts of difference equations, suitable mainly for the 
professional mathematician; but the subject is becoming increasingly 
important to physicists, engineers, biologists and statisticians, and this 
book, adapted to their needs and based on the M.Sc. course at Imperial 
College, is very welcome. 

The first four chapters, on the difference operators A and £, the 
elements of interpolation, the genesis and structure of difference 
equations, and the solution of linear difference equations with constant 
coefficients, are more or less formal and familiar. The reader is warned 
that his goodwill over some of the finer points, such as the expansion 
of a function of A or EZ in a power series, is taken for granted. Chapter 
5 is novel; it deals with equations of the form y(x +1) = F{y(z)}, 
discussing in geometrical language the character, particularly the 
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asymptotic character, of the solutions. The linear equation with variable 
coefficients is studied in chapter 6. This is a vast and at present some- 
what uncoordinated field: various special devices are mentioned, the 
Boolean operators p and z are discussed in some detail, and there is an 
interesting section on eigenvalues and the application of Rayleigh’s 
principle. Chapter 7 solves a dozen varied problems involving difference 
equations, and the last chapter is an introduction to the important but 
difficult topic of partial difference equations. 

The volume is clearly printed, and Professor Levy and Dr. Lessman 
have written the text lucidly and without pedantry. New ideas are 
introduced by means of simple examples, and there is no striving for 
the generality which could intimidate the novice. It is an excellent 
book for those who need to learn the technique of difference equations; 
and it might be a stimulus to the young pure mathematician to research 
in this promising field, but for this purpose the lack of any references 
for further reading is unfortunate. 

T. A. A. BROADBENT 


Dilogarithms and Associated Functions. By L. Lewry. Pp. xvi, 
353. 65s. 1958. (Macdonald) 

Those who enjoy function-theory when it is special, with an abund- 
ance of elegant and bizarre formulae, will like Mr. Lewin’s book, the 
more so because the author wrote his book simply because he wanted to 
write it. His interest was caught as a schoolboy by some of the more 
astonishing integrals in Joseph Edwards’ Integral calculus and over 
the years he continued his investigations without thought of publi- 
cation; eventually, of course, he found that much of his work was 
re-discovery. But (and here he must be allowed to speek for himself): 
“If I had referred to the literature in the first place it is most unlikely 
that I would ever have set pen to paper. The knowledge and insight 
that goes with discovery, whether or not it has been done before by 
others, is not to be readily obtained second-hand simply by reading or 
copying”. 

The dilogarithm is the function 


2 log (1 — z)dz dz 2 2 


(the series converging only if |z| < 1), the trilogarithm is 


and there are relatives such as the inverse tangent integral 
Z arc tan z dz 


Ti,(z,a) = 


The history starts, as one might expect, with Euler; Landen, Abel, 
Kummer all made substantial contributions, and perhaps most recent 
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inquirers have been content to refer to Nielsen’s excellent monograph 
of 1909. Mr. Lewin reprints Nielsen’s substantial bibliography, but he 
not only brings it up-to-date, he fills in a number of gaps; thus he 
refers again and again to the rare Essay on Logarithmic Transcendents 
(1809) by W. Spence not mentioned by Nielsen (this reviewer knew 
that there was such an essay but has never seen it), and also to F. W. 
Newman’s papers and his Higher Trigonometry (1892).* 

In recent years, the dilogarithm and its relatives have found appli- 
cations in quantum theory, network theory and allied topics. Tables 
of several of the functions have been computed at the Mathematisch 
Centrum at Amsterdam, under Dr. van Wijngaarden, and extracts are 
given in this volume, as well as a fairly complete table for the diloga- 
rithm prepared by the Scientific Computing Service. Perhaps the 
chief further interest for the pure mathematician is whether some central 
unifying principles can be found which will more fully coordinate the 
masses of special formulae without robbing the subject of its appealing 
idiosyncrasies. Certainly if such discoveries are ever made, they will be 
due in large part to this thorough and comprehensive product of 
Mr. Lewin’s skill, enthusiasm and industry. 

T. A. A. BRoaDBENT 


Grundztige der Algebra, Part II. By. H. Lucowsxr and H. J. 
WEIDNERT. Pp. 250. 11 D.M. 1959. (Teubner, Leipzig) 


Like the first volume on groups this second volume on rings and 
fields is exceedingly well written and provides the best elementary 
introduction known to the reviewer. Definitions are clear, every new 
concept and theorem is illustrated by numerous examples and there is 
a large collection of problems with full solutions at the end of the book. 
About one half of the book is taken up by general considerations, 
isomorphism and automorphism, quotient rings and quotient fields, 
ordered rings, vector spaces over rings. The second half is devoted 
almost entirely to the problem of unique factorisation in a ring, with 
emphasis on principal ideal rings. 

R. L. GoopsTErn 


Selections from Modern Abstract Algebra. By R. V. ANDREE. Pp. 212. 
42s. 1959. (Constable) 


A book of selections from Modern Algebra is a welcome idea and when 
the selection is presented by a first rate teacher, as the author of this 
book so plainly is, the result is a work which should be of value to a 
wide range of students. 

The topics selected include Boolean algebra, with applications to 


* F. W. Newman was the brother of Cardinal Newman. It has been stated 
that F. W. Newman was Professor of Mathematics at University College, 
London, but inquiries at University College show that this must be a mistake; 
he was, as Mr. Lewin correctly remarks, Professor of Latin there, and though 
he may occasionally have given lectures in mathematics, there seems to be no 
record of his ever having done so. Basil Willey’s excellent essay in More 
Nineteenth Century Studies does not link Newman’s excursions into mathe- 
matics with his curious theological pilgrimages. 
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electrical networks; theory of groups; matrices and, very briefly, 
rings, integral domains and fields. The best part of the book is the 
account of groups, which sets a standard of exactness and clarity 
rarely achieved in an informal text. It is particularly unfortunate that 
almost the first proof in the book (Theorem 1-2) is so inadequate; 
amongst results that are ‘jumped’ in the proof are the uniqueness of the 
additive inverse a*, and the equality of (a . b)* and a. b*; it is true that 
one of these results is raised as a problem on the next page, but there 
is no forward reference to these problems. 

The collection of examples at the end of each chapter is outstandingly 
good and many are designed to help the student to make discoveries 


for himself. 
R. L. Goopsterm 


The New Mathematics. By I. Apter. Pp. 187. 18s. 1959. (Dobson 
Books Ltd., London) 

Intended for the general reader this book describes in very simple 
language the fundamental concepts of group, ring, field, vector space, 
topological space and algebra, the concepts being brought out in the 
course of the construction of the number system from natural numbers 
to integers, rationals real and complex numbers. Definitions are sound 
and explanations lucid, but of course a work of this kind gives the reader 
no idea why mathematicians are interested in these concepts and what 


can be done with them. 
R. L. G. 


What is Cybernetics. By G. T. Guilbaud. Pp. 126. 10s. 6d. 1959. 
(Heinemann) 

Translated from the French Edition of 1954 by Valerie MacKay 
this little book gives a very clear picture of the problems of measuring 
information and sending messages. Norbert Wiener thought he had 
invented the term cybernetics, but we learn that Plato, Ampére and 


Clerk Maxwell all anticipated him. 
R. L. G. 


Elementary Theory of Angular Momentum. By M. E. Ross. Pp. x, 
248. 80s. 1957. (Wiley) 

This book results from a series of lectures given at Oak Ridge in 
1955 on the basic elements of angular momentum theory, and is intended 
for those with the equivalent of an American graduate course knowledge 
of quantum mechanics. It comprises in the first part a review of the 
basic principles of operator mechanics, a chapter on the definitions of 
angular momentum operators, a discussion of the coupling of two and 
three angular momenta, and a very useful chapter on the use of irreduc- 
ible tensors. In the second part the author gives some typical appli- 
cations of the formal theory. He discusses the multipole fields and 
static moments, the angular momentum states of spin-} particles and 
of systems of identical particles, oriented nuclei and angular corre- 
lations, and angular distributions in nuclear reactions. There is an 
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appendix dealing with the symmetry properties of the Wigner and 
Racah coefficients, another which gives an explicit representation of the 
rotation matrices basic to this theory, and a third summarising the 
properties of the spherical harmonics. 

As can be seen from the preceding enumeration, this book provides 
a very useful work of reference over a wide range of topics of interest 
to a physicist. It is not a mathematician’s book, and indeed makes no 
pretence to be so. Much of its content is exceedingly complicated and 
may prove to be obscure to some physicists; nevertheless, it will repay 
careful study. The typesetting is clear, the very cumbersome formulae 
containing remarkably few errors—these formulae are no doubt re- 
sponsible for the rather high cost of publication. 

It is the author’s expressed intention to make clear the principles 
underlying angular momentum theory, for example, the physical 
meaning of the rotation operators. Unfortunately it is just at these 
points, where Dr. Rose elaborates in words, that the book is most con- 
fused. In all important cases the formulae are correct, but the student 
will often have to provide his own verbal explanation of what they 
mean. The introductory chapter on Hermitian operators and unitary 
transformations is in places obscure, but covers ground which should be 
familiar to most readers. 

The treatment of angular momentum is bedevilled by a plethora of 
conflicting notations, as a brief comparison of this book with both earlier 
and more recent publications will very soon show. Dr. Rose has scattered 
a wealth of useful formulae throughout his book, and it is a pity that 
so much translation of one convention to another is required in almost 
any comparison with the literature. This is no particular fault of this 
author, who is at least consistent throughout, but indicates the urgent 
need for agreement on some standard notation. 

D. J. Hooron 


Applied Mathematics for Engineers and Scientists. By C. G. Lambe. 
Pp. 518. 42s. 1958. (English Universities Press) 

In a book such as this, the aim of the author is, not so much to 
develop mathematical methods and theory, as to show how concrete 
problems can be reduced to mathematical form and solved by more or 
less elementary mathematics. A book of this kind will depend for its 
success on the sympathy the author has for the needs of the engineer 
and, certainly, the author of this book is sympathetic to these needs 
and even more so for the needs of the engineering student reading for 
the degree B.Sc. (Eng.). To show how the principles are applied, he 
solves a large number of examples and, where appropriate, discusses the 
different cases that can arise. The book contains more than a thousand 
examples and exercises (with answers) taken in the main from University 
examination papers. The dust cover refers to the book as “‘a thorough 
account of Dynamics and Statics, Hydromechanics and Wave Motion 
essential to Engineers and Scientists especially for those reading for the 
new London B.Sc. (Eng.)”’. 

‘Thorough’ here means touching upon a large number of topics. 
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The amount of theory to be covered makes it necessary to be brief— 
what might take a whole chapter in a treatise on dynamics is here 
covered in a paragraph or two. It is thus essential that the fundamental 
results shall be stated with the greatest clarity and precision and, on 
the whole, the author passes this test easily. The author probably 
has emendations of his own; he might consider the following: 
substitute “centre of mass” for ‘centre of gravity” on p. 130 (having 
regard to p. 295), alter “the axis about which the force will tend to 
cause rotation is perpendicular to the plane” p. 228; alter the statement 
on p. 245 where it might be inferred that a work function always exists, 
and add the words “in magnitude” to the end of the paragraph on 
vector moment on p. 286. 

These are minor changes. There is no doubt that engineering students 
will find in this book the solution of many of their difficulties in Applied 
Mathematics. 

E. V. WHITFIELD 


Three Dimensional Dynamics. By C. E. Eastuorr. Pp. 277. 42s. 
1958. (Butterworths Scientific Publications) 


When teaching dynamics a teacher is faced with this dilemma— 
should he give his pupils good mathematical proofs involving concepts 
and methods which cannot be taught quickly and which they may find 
difficult, or should he make an appeal to geometric intuition, emphasise 
the important physical side of the theory and get his pupils correctly 
applying the principles in example-solving? Dr. Easthope’s way out is 
indicated in the preface to this book where he says, ‘“‘Although the 
basic treatment is vectorial, no mention has been made of tensors. 
Since tensors are not so vital to the study of three-dimensional dynamics 
as are vectors, they have been omitted. The theory of moments of 
inertia and that of Euler’s equations are thus treated in the main by the 
traditional methods.” 

Dr. Easthope does not use the ideas of linear algebra such as matrices 
and linear transformations. He does not refer to anything more complex 
than a vector—though the two vector parts of a dyname are generally 
considered together. The treatment of the kinematics of a rigid body 
and the theory of moving axes is a compromise between the geometric 
method of Ramsey’s book (say) and an analytical treatment. A purist 
may not be happy about this compromise, but he would find later on 
that the essential simplicity of the dynamical principles is clearly shown 
and the application of vector methods is well illustrated in a number of 
good problems. He would also find—and this should please him— 
a correct proof of the variational principles in impulse theory (Kelvin’s 
and Robin’s theorems). The conclusion, however, that Bertrand’s 
theorem involves no stationary property is false. 

The book is written for students who are reading for an honours 
degree in mathematics and covers the usual] ground. Beginning with 
vector algebra and the motion of a particle, it goes on to discuss the 
equations of motion of a rigid body, Euler’s equations, precessional 
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motion and the theory of impulses. A brief account of three-dimensional 
statics is contained in an appendix. 

Throughout the book, there are worked examples w:th clearly ex- 
pressed explanations. They should give a student confidence to go on 
and solve the examples at the end of each chapter. A minimum know- 
ledge of pure mathematics is required; a student should find the book 
easy to read. 

On the whole, errors and misprints are few. In one or two places the 
comments are misleading—e.g. in the footnote on page 81 about the 
operators d/dt and @/ét which occur in the theory of moving axes. There 
is an error, too, on page 234, equation (9.12). Having the scalar equa- 
tions at the top of the page, a student may not be misled by it. The use 
of inward-drawn normal to a curve on page 87 has also led to a mistake. 

The book is attractively printed and has a good binding. 

E. V. WHITFIELD 


Matrix Theory for Physicists. By J. Heaprna. Pp. 242. 35s. 1958. 
(Longmans) 

The advantages of vector methods in applied mathematics and 
physics have long been recognised, but it is only within fairly recent 
times that linear algebra and analysis have formed part of the techniques 
of theoretical physics. The difficulty in teaching students to use 
matrices is the large amount of ground work to be done—it takes a long 
tirae to ‘get going’, there is little to sustain the interest of those who are 
not mathematically inclined. One will accordingly welcome this 
attractive book in which the author faces up to this difficulty. 

It is an ambitious book. The author aims to give the student who 
has taken a first year ancillary mathematics course a sufficient amount 
of matrix theory as will enable him to follow the application of matrices 
to Geometry, Mechanics, Electromagnetic Theory, Special Relativity 
and Quantum Mechanics. It is assumed that the student has some 
knowledge of the theories discussed, but the principal results, the 
processes and the examples are all expressed in matrix form. 

The first two chapters—Fundamental Definitions and Operations 
and Characteristic Roots and Vectors—80 pages in all, contain the basic 
theory. The other five chapters are applications to the above five 
subjects. A matrix is defined algebraically—as a hypercomplex number 
rather than as an operator—and the rules of calculation are developed. 

Familiar expressions e.g. the scalar product and the vector product 
of two vectors, are expressed as a product of matrices. This is called 
“the matrix representation of a vector product”’,—an overstatement 
perhaps since all that is established is an algebraic identity in one set 
of coordinates. But, later on, there is a section on Cartesian tensors. 

In the chapter on Geometry, there is the translation of the usual 
coordinate geometry into matrix language and, of course, the principal 
axis transformation. 

But it is in the chapter on Dynamics where we are concerned only 
with Cartesian tensors of rank up to 2, that matrix calculus proves to be 
so appropriate. Angular velocity is associated with a skew symmetric 
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tensor which appears again in the theory of moving axes and Euler’s 
equations. The inertia tensor at a point 0 is represented by a symmetric 
matrix and the rule for finding the inertia tensor at any other point 
is obtained. Towards the end of the chapter, there is a brief account of 
normal coordinates and Hamilton’s equations of motion. The presenta- 
tion generally is very good, but not free from obscurity in several places. 
For example, (p. 111) ‘“‘where 2, means the angular velocity matrix 
referred to axesinstantaneously coinciding with the movingaxes”’ (p. 121) 
“The equation of motion becomes ... where all vectors now refer to the 
moving directions of the axes fixed in the body”, phrases which seem 
to deny the tensor character of the equations set up. 

In the following chapters as in the previous ones, there is necessarily 
a limited choice of topics, but over all there is the same aim—to show 
how matrix methods can be used to describe physical theories and how 
the abbreviations it makes possible makes the theory easier to follow. 

This is a book wel] worth having, a book a student should work 
through and from which he should get considerable pleasure. He 
should not, of course, use it as a substitute for the larger treatises on 
theoretical physics, nor indeed as a text book on matrices, but it is a 
book which will help him on his way. E. V. WHITFIELD 


Anschauliche Geometrie. I. Teil: Geometrie. By Baur, LopE and 
ALBRECHT. Pp. 256. 1958. (Ferdinand Hirt, Kiel) 


This is the geometrical part of a series intended for teachers of mathe- 
matics in high schools. It is in three sections. The first, which occupies 
well over half the book, deals very thoroughly with the transformations 
of two and three dimensional geometry: the treatment is vectorial. 
Many of the standard results on conics and quadrics appear as 
illustrations. The second section is a fairly standard treatment of the 
differential geometry of curves in two and three dimensional space: 
again the treatment is vectorial. 

The third section is the most unusual. Properties of circles are 
investigated by purely geometrical methods, particularly the relations 
of hyperbolic and elliptic inversion (the first is ordinary inversion and 
the second is defined by OP .OP’ = —r*). The main objects are 
firstly to solve Apollonius’ problem, of finding circles to touch three 
given circles, and secondly to give representations, of somewhat 
similar form, for (a) Euclidean, (b) Hyperbolic, (c) Elliptic geometries. 
A line is represented by (a) a circle through a fixed point, (b) a circle 
cutting a given circle orthogonally, (c) a circle cutting a given circle 
at the ends of a diameter. (If a circle cuts the circle z? + y? = r? 
at the ends of a diameter, it cuts the ‘circle’ z? + y? = —r? orthogonally. 
Hence in each representation a line is represented by a circle which cuts 
a ‘circle’ C orthogonally. If the radius of C is r, the three cases are given 
by (a) r? = 0, (b) r? > 0, (c) r? < 0.) Of course (a) is obtained from 
Euclidean geometry by inversion; (b) and (c) are Klein’s models. 

All the sections are well written and the book is illustrated by clear 
diagrams. E. J. F. Primrose 


H 
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Fundamental Building Mathematics. Part II. By Boor and Dakin. 
Pp. xi, 457. 14s. 1958. (Longmans, Green and Co.) 

The authors have set themselves a task of limited mathematical 
scope suitable to the powers and needs of building students. Within 
this framework they have succeeded admirably. 

In general the text is logically developed but occasionally it is 
deemed necessary to state results. The solid geometry requires the 
“it will be seen” statement, but no doubt in teaching, use is made of 
suitable models. Direct statements, without mathematical deduction, 
are made of certain approximate mensuration formulae (p. 88). 
Presumably these are traditionally used in building calculations but 
are too difficult to develop. 

Units sometimes occur in algebraic working in which the result is a 
pure number, e.g. pp. 2 and 4. A misstatement with respect to 
Simpson’s rule occurs on p. 189. It does not hold exactly for powers of 
the independent variable higher than the cube. There is a misprint 
of S for s on p. 62. 

The printing and diagrams are very good and the book can be 
recommended without hesitation. In addition, secondary school 
teachers of general mathematics may find the examples well worth 


exploration. 
M. BripGer 


Differential Geometrie II, II. By K. Srrupecxer. Pp. 195, 254. 
DM 4.80 each. 1958, 1959. Sammlung Géschen, Band 1179/1179a/1180/ 
1180a. (De Gruyter, Berlin) 

The second and third parts of this work maintain the high standard 
of the first, which was reviewed in the Gazette, Vol. XL, p. 149. The 
second part deals with those properties of surfaces which can be obtained 
from the first fundamental form, and the third deals with curvature and 
associated topics.. These books cover the usual undergraduate course 
on surfaces, and go somewhat further. They are excellently produced, 


and the cost is low. 
E. J. F. Prrmrose 


BRIEF MENTION 


Introduction to Bessel Functions. By F. Bowman. Pp. 136. $1.35. 
1958. 

An Introduction to Fourier Methods and the Laplace Transform. 
By P. Franxurn. Pp. 289. $1.75. 1958. 

Theory of Elliptic Functions. By H. Hanooox. Pp. 498. $2.25. 1958. 

Elliptic Integrals. By H. Hancock. Pp. 104. $1.25. 1958. (Dover, 
New York; Constable, London) 


Four welcome Dover reprints of works in analysis. Printing and 
presentation are as satisfactory as usual. Even the monumental lectures 
on elliptic functions are produced in 500 pages without making the print 
uncomfortably small or the page over full. 
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Statics and Dynamics of a Particle. By W.D. MacMrtan. Pp. 430. 
$2.00. 1958. 

The Theory of the Potential. By W. D. MacMrittan. Pp. 469. $2.25. 
1958. 

Theoretical Mechanics. An Introduction to Mathematical Physics. 
By J. 8. Ames and F. D. MurnaGHan. Pp. 462. $2. 1958. 

Vector Analysis with an Introduction to Tensor Analysis. By A. P. 
Wits. Pp. 285. $1.75. 1958. (Dover, New York; Constable, London) 

These four volumes in the Dover reprint series are amongst their 
first in the field of classical applied mathematics. MacMillan’s first 
volume includes the statics of deformable bodies, orbital motion, and 
Hamilton’s canonical equations; and that by Ames and Murneghan 
covers gyroscopic theory, wave motion, the Lorenz—Einstein trans- 
formation as well as the motion of a particle. 

Wills’ Vector and Tensor Analysis covers a surprising amount of 
ground in 280 pages, and includes both tensor algebra and analysis. 


The Fundamental Principles of Quantum Mechanics, with Elementary 
Applications. By E. C. Kemste. Pp. 611. $2.95. 1958. 

Quantum Electrodynamics. Ed. by J. Scuwincer. Pp. 424. $2.45. 
1958. (Dover, New York) 

Kemble’s Quantum Mechanics is an unabridged and corrected re- 
publication of the 1937 Edition. The second volume contains 34 selected 
papers by Fermi, Heisenberg, Oppenheimer and others. Some of the 
papers have reproduced extremely well, but a few are in uncomfortably 
small print. 


Communication, Organisation and Science. By J. Rornster. 
Pp. 110. $3.50. 1958. (Falcon’s Wing Press, Colorado) 


An essay on the potentialities of recent progress in information theory 
for social control and philosophical understanding. 


The fundamental aim of the Mathematical Association is to promote 
good methods of Mathematical teaching. Intending members of the 
Association are requested to communicate with one of the Secretaries. 
The subscription to the Association is 21s. per annum and is due on 
January Ist. Each member receives a copy of the Mathematical Gazette 
and a copy of each new Report as it is issued. 

Change of address should be notified to the Membership Secretary, 
If copies of the Gazette fail to reach a member for lack of such notifi- 
cation, duplicate copies can be supplied only at the published price. 
If change of address is the result of a change of appointment, the 
Membership Secretary will be glad to be informed. 

Subscriptions should be paid to the Hon. Treasurer of the 
Mathematical Association. 

The. address of the Association and of the Hon. Treasurer and 
Secretaries is Gordon House, 29.Gordon Square, London, W.C.1.. 


BRANCH REPORTS 


THE LIVERPOOL MATHEMATICAL SOCIETY 
Report for the Session 1958-9 


20th October 1958 The Society’s Prize for 1958 was presented to 
Mr. J. P. Wizson. Mr. G. F. Peaxker of the Ministry of Educa- 
tion addressed the Society on ‘“Mathematics as part of a liberal 
education’. 

17th November 1958 Dr. Mary Cartwricut addressed the Society 
on ‘Mathematics in Russia’”’. 

8th December 1958 Mr. R. L. PLackettT gave a lecture entitled 
“Life Testing”’. 

12th January 1959 Dr. Martyn Cunpy of Sherborne School gave 
a lecture entitled “The Mathematics of AND and OR” with 
demonstrations of electrical devices for performing simple 
logical and arithmetical calculations. 

2ist February 1959 Members of the Society visited the Liverpool 
Observatory and Tidal Institute. 

9th March 1959 Members’ Night. The following papers were read 
by members of the Society. 

Mrs. M. J. E. Farneti: Ground Resonance Investigations on a 
Helicopter. 

Mr. D. Hitt: The Gravitational Field of a Rotating Body. 

Mr. W. M. Brooxgs: The Problem of Teaching Mathematics. 

11th May 1959 The President chose for his address to the Annual 
General Meeting the title “The Teaching of Mathematics”. 
The following members were elected to serve on the Council 
during the Session 1959-60. President, Dr. P. C. Davey; 
Vice-President, Dr. G. R. Batpock; Treasurer, Dr. W. F. 
Newns; Secretary, Dr. M. C. R. BuTLer. 


Committee: 
Mr. W. M. Brookes, Dr. T. M. Frerr, Mr. J. 
KersHaw, Miss A. H. Arnswortu, Mr. J. P. 
Miss V. M. Hvueues, Dr. T. J. 
There are about 100 members of the Society, and the average 


attendance at meetings is about 60. 
(Secretary: Dr. M. C. R. Butter, Mathematical Institute, The 


University, Liverpool 3). 
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LEICESTER & COUNTY BRANCH 
Report for the Session 1958-1959 


President: Dr. E. J. F. Prose. 

Vice- Presidents: Professor R. L. Goopsters, Mr. W. FLEMMING, 
Mr. T. Gopparp, Mr. J. W. HESSELGREAVES. 

Secretary: Mr. W. E. Remineton. Treasurer: Mr. L. G. CLARKE. 


The Branch has now approximately 80 members, 30 of them 
belonging to the main Association. 

Lectures were given to the Branch as follows: 

“Friction” by Dr. T. A. 8. Jackson of Liverpool University; 

“Geometry in the Secondary Modern School’ by Mr. E. J. James 

\ of Redland College, Bristol; 

“Mixed Biscuits’’ by Mr. W. Hopr-Jones, late of Eton College. 
Members of Grammar School Sixth Forms were especially invited 
to this meeting; 

“Primary School Mathematics’’ by Miss E. E. Biees, H.M.I., 
and 

“Tactile Aids in the Teaching of Algebra” by Dr. Z. P. Drznzs of 
Leicester University. 

The Branch Annual General Meeting, held in February, was 
followed by a talk from Mr. M. Bripcer of the Leicester College 
of Technology, on “Simplified Programming for Digital Computers’’. 

One evening was devoted to papers given by branch members. 
Mr. A. P. Bowran spoke on “x known and unknown’, Mr. A. H. 
GREEN on “Mathematics in the fourth year at a Secondary Modern 
School” and Prof. R. L. Goopstrery on ‘‘Zeno’s Paradoxes”’. 

Once more we held a Mathematical Quiz between teams from City 
and County Grammar Schools. This proved more popular than ever 
and we had a record attendance of branch members and sixth- 
formers. 


W. E. Remrneton, Hon. Sec. 


CARDIFF BRANCH 
Report for the Session 1958-59 


Officers: 
President: Dr. N. D. HayEs 
Treasurer: Mr. R. A. JonES 
Secretary: Mr. W. H. 


Monday 13th October 1958 Dr. D. G. Taytor gave an address on 
“The Value of Spatial Geometry in School Mathematics,” 
in which he developed a plea for a return to the methods of 
formal Euclidean geometry. 
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Saturday 22nd November 1958 Mr. I. G. Richarps H.M.I. gave an 
address on ‘““Modern Trends in Mathematics Teaching” in which 
he dealt with mathematics (1) in relation to society and the 
individual, (2) as a system of logical development, and (3) as a 
tool subject for other work. 

Monday 19th January 1959 Professor Emrys WILLIAMS gave a 
most entertaining talk on “Electrical Switches, Logic, and 
Algebra.” After explaining the nature of Boolean algebra and 
its connection with logic, Professor WmL1ams showed how it 
could be applied to switching problems related to computers 
and automatic telephony. 


Monday 16th March 1959 Professor R. L. Goopstern, editor 
of the “Mathematical Gazette’, gave a talk on “Recursive 
Arithmetic” and showed how symbolic logic might be developed 
within Arithmetic. 

W. H. 


QUEENSLAND BRANCH OF THE MATHEMATICAL 
ASSOCIATION 


Report for the Year 1958-59 


This is the thirty-seventh Annual Report of the Queensland 
Branch, and covers the period March, 1958, to March, 1959. 

The Annual Meeting was held at the University, George St., 
on 17th March, 1958. The Annual Report and the Statement of 
Receipts and Expenditure were presented to the meeting and were 
adopted. 

This was followed by the election of officers for 1958, and then by 
the Presidential Address, entitled “The Geometry of Aerial 
Mapping”, given by the retiring President, Mr. E. W. Jonzs, B.A. 

Three general meetings were held during the year, all at the 
Dental College, Turbot Street. At the first, on 19th May, Dr. G. R. 
Morais, B.Sc., B.A., Ph.D., read a paper entitled “Some Paradoxes 
in Elementary Geometry”. At the second meeting, on 4th August, 
Associate-Professor J. P. MocCartuy and Mr. B. V. Hearts, B.A., 
read papers on “The Teaching of Mechanics in Schools”. At the 
final meeting of the year, on 3rd November, Mr. H. M. Fryucan 
spoke on ‘““Memory-Saving in Mathematics’. To all these speakers 
the Society expresses its sincere thanks and appreciation. 

The Statement of Receipts and Expenditure for the year discloses 
a credit balance of £7 12s. 2d. The heaviest expense is postage, 
incurred in circulating the Mathematical Gazette among members 
and sending notices to members and sometimes to all teachers of 
mathematics in the Brisbane area, whether they are members or not, 
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and commission charged by the Commonwealth Bank on bank 
drafts to England. 

The Queensland Branch at present has 55 members, of whom 
21 are members of the Mathematical Association. Nine new 
members have been admitted during the year, and attendance at 
meetings has been well maintained. 

The Mathematical Gazette is circulated among members as 
rapidly as possible. 

M. P. O’DonneEtt, Hon. Sec. 
Queensland Branch of the Mathematical Association 


THE MATHEMATICAL ASSOCIATION 
TEACHING COMMITTEE 1958-1962 
Ex Officio (5) 
The President 
The Hon. Treasurer 


The Hon. Secretaries 
The Editor (s) 


Universities (5 men 3 women) 


Dr. I. W. Busbridge (b) 
B. C. Brookes (e) 
Prof. J. L. B. Cooper (d) 
Dr. 8. M. Edmonds (b) 


Dr. W. Ledermann 
Dr. E. A. Maxwell 
Prof. M. H. A. Newman 
Miss G. K. Stanley 


Training Colleges and Departments of Education (3 men 2 women) 


Miss M. D. Gage (ec) 

C. T. Daltry (a c g) 

P. H. Hirst (ec) 

I. R. Vesselo (ce) 

Mrs. E. M. Williams (ce ghs) 
Technical Colleges and Schools (3 men 1 woman) 

M. Bridger (a) 

H. V. Lowry (a f) 

C. G. Paradine (ae) 


Mrs. L. M. Witpen (f) 


Secondary Schools (16) 


J. K. Backhouse (g) 

Miss E. M. Barnes (f) 

A. Barton (f) 

Miss H. Bromby (ae g) 

Miss J. M. Cawley (d) 

B. J. F. Dorrington (h gs) 

Miss Y. B. Giuseppi (h) 

R. E. Green (fh) 

Miss E. M. Holman 

L. G. W. P. Jones (g) 

W. J. Langford (b ds) 

A. P. Penfold (beh) 

D. A. Quadling (b) 

Miss R. K. Tobias (g) 

R. Walker (ae f) 
Preparatory and Primary Schools (6) 

Miss L. D. Adams (a g h) 

E. J. James (h) 

Miss R. E. Morris 

G. K. Priestman (g) 

Miss K. M. Sowden (h) 

T. R. Theakston (ch) 
Special Interests (4) 

J. T. Combridge (c f) 

A. W. Riley (chs) 

A. P. Rollett (c) 

C. O. Tuckey (b f g) 


Membership of the following sub-committees is indicated by the letter/s 
in brackets. 


Suh-committee :— 
Applications (a) 
Analysis (b) 
Professional Training 
History (d) 
Statistics (e) 
Mechanics (f) 
Arithmetic (g) 
Secondary Modern (h) 


Standing (s). 


WOW 


FOR THIS j 
NEW 1960 
CATALOGUE 


‘ Please send me your NEW 1960 CATALOGUE 
ROURA & FORGAS LTD. | name 
COLQUHOUN HOUSE 
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BOOKS FROM ROUTLEDGE 


Gédel’s Proof, by ERNEST NAGEL and JAMES R. NEWMAN. 
12s. 6d. 


In 1931 Kurt Gédel published a revolutionary paper—one that 
challenged certain basic assumptions underlying much traditional 
research in mathematics and logic, one of the major contributions 
to modern scientific thought. Here is a readable explanation of 
the main ideas, the broad implications of Gédel’s Proof. 


Modern Philosophy of Science, by HANS REICHENBACH. 28s. 

“Our average intellectual would do well to read the two essays 
where Reichenbach stated his general position: ‘Aims and Methods 
of Modern Philosophy of Nature’ and ‘Rationalism and Empiricism’. 
In brief: we must accept the findings of science, even if they conflict 
with our a priori notions, the way of progress in human thought 
is not through introspection but through the clarification of the 
meanings and implications of empirical thought.” — The New 
Statesman. 


LIBRARY OF MATHEMATICS 
Edited by W. LEDERMAN 
Cr. 8vo. Paper bound. 5s. each 


Differential Calculus. By Prof. P. J. HILTON. 
Elementary Differential Equations and Operators. By Prof. G. E. H. 

REUTER. 

Linear Equations. By P. M. COHN. 
Sequences and Series. By J. A. GREEN. 

“They would seem to be admirably suited to become companions 
to the kinds of lecture courses with which students are usually 
provided.”—The Manchester Guardian. 

“The booklets are admirable. The most attractive feature in these 
days of expensive mathematical publishing is, of course, the remark- 
ably low price. The object is that by selecting from the series the 
student will be able to build up an inexpensive collection of texts 
exactly corresponding to his requirements.”—Technology. 


Other titles in preparation. Please write for details. 


ROUTLEDGE & KEGAN PAUL 
68-74 Carter Lane, E.C.4. 
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A five-year course for secondary schools, designed for 
interest, usefulness and continuity ... 


DAILY LIFE MATHEMATICS 


BY P. K. BURNS, B.Sc., F.R.A.S. 


10s. Od. 
10s. Od. 


BOOK ONE 288 pages 
BOOK TWO 256 pages 
BOOK THREE 224 pages 10s. Od. 
BOOK FOUR 256 pages 10s. Od. 
BOOK FIVE In preparation 
Answers to each book each Is. 6d. 
Notes for Teachers ls. 6d. 


s a former H. M. Inspector of 
Schools Mr Burns knows inti- 
mately the mathematical requirements 
both practical and cultural of pupils in 
secondary schools. This five-book 
course is the outcome of many years’ 
thinking and planning. 


Because of the wide range of 
ability among the pupils the contents 
of the books have been arranged on a 
concentric plan, each book contain- 
ing a relatively complete course; for 
instance the less gifted pupils in 
secondary modern schools will find 
enough material in Books One and 
Two, while for the average and 
brighter pupils the full four-year 
course is suitable. Grammar and 
Technical School pupils will not need 
the revision provided in Book One; 
they will find the integrated course in 
Books Two, Three and Four a sound 
basis for the more formal study of 


Published by 


GINN AND COMPANY, LTD 
18 BEDFORD ROW 
LONDON WC1 


trigonometry, geometry and algebra 
needed for General Certificate of 
Education examinations. Mathe- 
matics is treated as one subject and 
continuity is preserved throughout 
the four years’ work. 

The pupils’ interest is aroused by 
the study of some topics of everyday 
life which involve simple applications 
of other branches of mathematics. 
A considerable amount of practical 
outdoor work is included. For this, 
apparatus is needed: geometric and 
optical squares, theodolites, and so 
forth. If these are not already 
available in the school, they should 
be made in the handicraft room from 
the working drawings provided in 
Books Two, Three and Four. 

The books are intended for indi- 
vidual study. The format is large, 
the type page open and inviting, and 
the text friendly. It is recommended 
that pupils should work in pairs, each 
helping the other to elucidate the 
difficulties encountered. 


SEND FOR LOAN COPIES 


To: GINN AND COMPANY LTD 
18 BEDFORD ROW 
LONDON 


Please send a loan copy of Daily 
Life Mathematics Books 1...... 

(Tick what is wanted) 


Now Ready in the 
GRAMMAR SCHOOL SERIES 


Editor R. STONE, M.A., A.Inst.P. 
Second Master, Manchester Grammar School 


General School 


MATHEMATICS 


VOLUME FOUR 


By C. G. Paradine, M.A. (Cantab.), formerly Senior Lecturer in 
Mathematics, Battersea College of Technology, and C. Thomas, M.A. 
(Cantab.), Headmaster, Tulse Hill School, formerly Deputy Master, 
Dulwich College. 


“In content this volume maintains the high standard of the earlier 
volumes in the series. The authors have done a sound and com- 
prehensive job in covering the bulk of the G.C.E. syllabus in such a 
way that the book can be used in preparing pupils both for the 
traditional and the alternative papers of the various boards. This 
series is likely to become a standard textbook for use in grammar 
schools and by the abler pupils in other secondary schools.” 

Technical Education 
With Answers 9/6. Without Answers 8/6. 


THE ENGLISH UNIVERSITIES PRESS 


s 
High Speed Computing: 
METHODS AND APPLICATIONS (25/- net) 
S. H. Hollingdale, M.A., Ph.D. 
Senior Principal Scientific Officer, Royal Aircraft Establishment, Farnborough. 


“A very readable description of programming for a digital 
computer. The mathematical treatments will present no difficulty 
to readers with ordinary G.C.E. and the book can be recom- 
mended for students wishing to learn how to programme. It 
will be of great value to prospective users of digital computers.” 
Times Educational Supplement 

Inspection copies are available from 


THE ENGLISH UNIVERSITIES PRESS, Dept. B88 
102, Newgate Street, London, E.C.1. 


Royal Corps of Naval Constructors 


SCHOOLS ENTRY 


A competition for entry into the Royal Corps of Naval Con- 
structors will be held in July, 1960. 

Accepted candidates will be established as probationers in the 
Royal Corps of Naval Constructors and will undergo a two year 
course of training at the R.N. Engineering College, Manadon and 
in H.M. Dockyard, Devonport, followed by a three year course at 
the R.N. College, Greenwich. 

Candidates must be aged between 17 years and 6 months and 19 
years 6 months on Ist September, 1960. 

Candidates with the General Certificate of Education will be 
required to have passed at Advanced Level in at least Pure Mathe- 
matics, Applied Mathematics and Physics and to produce evidence 
of General Education at Ordinary Level. Comparable standards 
are required from candidates having Scottish or Northern Ireland 
educational qualifications. 

Applications will be considered from candidates who sit these 
examinations in 1960. 

The work of the R.C.N.C. covers all aspects of design, construction 
and repair of H.M. Ships. Members undertake to serve wherever 
required at Admiralty headquarters, Outports in the United Kingdom 
and at Royal Dockyards at home and abroad. The present head 
of the R.C.N.C. is the Principal Technical Adviser to the Board of 
Admiralty. 

The starting pay of a probationer at age /8 will be £545. A 
deduction is made when living in at the R.N. Engineering College, 
Manadon, or at the R.N. College, Greenwich. The successful 
probationer can expect an appointment as Assistant Constructor at 
age 23 or 24 with a starting salary of not less than £910 and £940, 
respectively. Promotion to Constructor normally takes place at 
about age 30 with a salary which may be expected to be not less 
than £1,505, rising in nine years to not less than £2,150. Promotion 
to higher ranks is by selection. 

The Royal Corps of Naval Constructors is a civilian Corps, but 
uniform is worn during training and in certain later appointments. 

Full particulars may be obtained from the Secretary of the 
Admiralty, Civil Establishments Branch II (88), Empire Hotel, 
Bath, to whom final application must be submitted by 16th May, 
1960. 


5 


BOOKS ON MATHEMATICS 
OF THE PUBLISHING HOUSE OF THE HUNGARIAN ACADEMY OF 
SCIENCES, BUDAPEST 


L. Fuchs: Abelian Groups A novelty! 


256 pages, 19 x 24cm. Cloth. In English. 

In this monograph, the author gives a rather complete and detailed account of the present status of the 
theory of abelian groups, with special emphasis on structural results. Several applications are also 
dealt with. A large part of this work has not yet appeared in book form. £3. 48. 6d. 


Fr. Rigsz-Sz. NaGy: Legons d’analyse fonctionnelle 3rd Edition. 


488 + 36 pages, 17.5 x 25cm. Cloth. In French. 
Lectures on real function, integral equations, Hilbert-space, etc. delivered by the aim at the 
Universities of Szeged and of Budapest form the basis of this work. £2. 6s. Od. 


R6zsa Péter: Rekursive Funktionen Still available! 


206 pages, 17.5 x 25cm. Cloth. In German. 


In the book that conveys so to speak the function theory wa apne gs the author endeavours to 
show also the practical application of recursive functions which makes the work interesting not only to 
mathematicians but also to natural scientists. £1, 4s. 4d. 


Distributed by 
KULTURA 

Hungarian Trading Company for Books and Newspapers 
BUDAPEST 62, P.O.B. 149 

HUNGARY 


EUREKA 


Eureka is the journal of the Cambridge University 
Mathematical Society and deals with various aspects of 
mathematics, not always serious, and may be obtained 
on a postal subscription service. Permanent subscribers 
pay either for each issue on receipt or, by advancing 
10s. or more, receive future issues as published at 25% 
discount, with notification when the credit has expired. 
Copies of Eureka Numbers 11, 13, 15, 16, 17 (ls. 
each), 18 (1s. 6d.), 19, 20, 21 (2s. each), are stil] avail- 
able (postage 2d. extra on each copy). Complete set of 
nine, 10s., post free. We would be glad to buy back any 
old copies of Nos. 1 to 10 which are no longer required. 
Cheques, postal orders, etc., should be made payable 
to “The Business Manager, Eureka,” and addressed to 
the Arts School, Bene’t Street, Cambridge. 


Oxford Graded Arithmetic Problems 


D. A. HOLLAND AND H. CHESTERMAN 
Forest Lodge Junior School, Leicester 


Size 7}” x 6”. 64 pages Manilla covers, each 2/6 


Book 14 (Mental Age 7 to 8 plus). 

Book 2a (Mental Age 8 to 9 plus). 

Book 3a (Mental Age 9 to 10 plus). Jn preparation. 
Book 4A (Mental Age 10 to 11 plus). Jn preparation. 


Teacher’s Books, each 3/6 net. 
Books 1a and 2a are due for publication early in 1960. 


These Problems have been graded to promote the develop- 
ment of reasoning. Such grading involves the blending of 
diverse material to form a progression in difficulty. The 
following points have been considered by the authors: 

. Amount of reasoning involved. 

. Complexity of language and ideas. 

. Mathematical Vocabr'ary. 

. Interests and experience of pupils. 

. The need for related practical work. 

. Arithmetical operations involved. 

. Size of numbers and quantities. 


This is a companion series to OXFORD GRADED 
ARITHMETIC PRACTICE by D. A. HOLLAND 


Applications for details or for inspection copies should 
be sent to the 


OXFORD UNIVERSITY PRESS 
Education Department, Oxford 


A four-volume course for mathematical specialists from 
sixth form to degree standard. “Wholeheartedly recom- 
mended for the mathematically abler pupil’. MATHEMATICAL 


GAZETTE 
Vol, I, 18s. net; Vol. I, net 
Vol, HI, 18s. net; Vol. IV, 223.6. net 


Plane Projective Geometry 
E. A. MAXWELL 


General Homogeneous Coordinates 


in Space of Three Dimensions _ 

BE. A. MAXWELL 
A short introduction to algebraic geometry in the space 
of three dimensions which prepares the way for further 
study. Student’s Edition is available, Secand Impression. 
Student’s Edition (Paper-bound) 1326d. net 
Library Edition (Cloth-bound) 223.64. 


Fallacies in Mathematics 

E. A. MAXWELL 

An entertaining and instructive book. Dr Maxwell takes 
examples of 2 number of fallacies in mathematics, states the 


aigument of each, and explores the error it contains. 
net 
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A textbook on the methods of plane co-ordinates for 
based on the use of general homogeneous 
Sixth Forms and Universities. 
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Oxford Graded Arithmetic Problems 


D. A. HOLLAND AND H. CHESTERMAN 


Forest Lodge Junior School, Leicester 
Size 7?” = 6”. 64 pages Manilla covers, each 2/6 


Book 14 (Mental Age 7 to 8 plus). 

Book 24 (Mental Age 8 to 9 plus). 

Book 3a (Mental Age 9 to 10 plus). Jn preparation. 
Book 4 (Mental Age 10 to 11 plus). Jn preparation. 
Teacher’s Books, each 3/6 net. 

Books 14 and 2a are due for publication early in 1960. 


These Problems have been graded to promote the develop- 
ment of reasoning. Such grading involves the blending of 
diverse material to form a progression in difficulty. The 
following points have been considered by the authors: 

. Amount of reasoning involved. 

. Complexity of language and ideas. 

. Mathematical Vocabulary. 


. Interests and experience of pupils. 


aA 


. The need for related practical work. 


. Arithmetical operations involved. 


sa 


. Size of numbers and quantities. 


This is a companion series to OXFORD GRADED 
ARITHMETIC PRACTICE dy D. A. HOLLAND 


Applications for details or for inspection copies should 
be sent to the 


OXFORD UNIVERSITY PRESS 
Education Department, Oxford 


An Analytical Calculus 

E. A. MAXWELL 
A four-volume course for mathematical specialists from 
sixth form to degree standard. “Wholeheartedly recom- 
mended for the mathematically abler pupil’. MATHEMATICAL 
GAZETTE 


Vol. I, 18s, met; Vol. H, 


Vol. IIT, 18s. net; Vol. IV, 22s.6d. net 


Plane Projective Geometry 
E. A. MAXWELL 


A textbook on the methods of plane projective geometry 
based on the use of general homogeneous co-ordinates for 
Sixth Forms and Universities. 21s. net 


General Homogeneous Coordinates 
in Space of Three Dimensions 
E. A. MAXWELL 


A short introduction to algebraic geometry in the space 
of three dimensions which pr sares the way for further 
study. Student’s Edition is available. Second Impression. 


Student’s Edition (Paper-bound) 13s.6d. net 
Library Edition (Cloth-bound) 22s.6d. net 


Fallacies in Mathematics 


E. A. MAXWELL 


An entertaining and instructive book. Dr Maxwell takes 
examples of a number of fallacies in mathematics, states the 
argument of each, and explores the error it contains. 
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C. V. DURELL, M.A. = A. W. SIDDONS, M.A. 24th 
. Size 10 x 7} ins. 4s. Teachers’ Edition 61. net. 


“The conjunction of the names Durell and Siddons is in itself 
noteworthy event in the universe of mathematical text-books; and 


GEOMETRY FOR SCHOOLS 


A. 4. G. PALMER, M.A. and H. E. PARR, M.A. 19th 
» 93, Also in two parts, Ss. 6d. each. 


REVISION COURSE 
IN GENERAL MATHEMATICS 


by C. V. DURELL, M.A. 6th Edition. 6s. With answers, 6s. 6d. 
A two-term revision course for G.C.E. candidates at “O” level. 
“Should supply a stimulus in what might otherwise be an 
It is of the high quality which teachers have come to expect 
bad and publishers, and is recommended.” 
MATHEMATICAL GAZETTE 
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A CLASSBOOK OF ALGEBRA : 
by S. F. TRUSTRAM, M.Sc. 10th Edition. 8s. With answers 
9s. 6d. Also Part 1, Ss. Part 11, Ss. 6d. 
“Dispenses with most of the formal bookwork, so that the 
topics are are 
carefully graded and classified as to type.... A sound textbook.” 
JOURNAL OF EDUCATION 
GRAPH BOOK 
this ‘Graph Book" is the bright result... . The book contains all 
that is required for school certificate purposes, and teachers and 
ledge.""_ JOURNAL OF EDUCATION 
. “A great feature is made of easy riders; success in solving them 
a The bookwork is clearly set out, and 
is to a minimum without neglect of essentials. And the 
examples are classified so that rapid selection can be made. An 
excellent course."’ THE A.M.A. 
PRINTED IX NORTHERN IRELAND AT THE UNIVEREITING PRES, BELFAST. 


